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The Rate of Convergence of k,-NN Regression
Estimates and Classification Rules

LASZLO GYORFI

Abstract— The rate of convergence of k,-NN regression estimates and
the corresponding multiple classification error are calculated without as-
“suming the existence of the density of the observations.

INTRODUCTION

Cover and Hart [1] proved the convergence of the one-nearest-
neighbor (1-NN) and £-NN decision rules under some continuity
condition on the a posteriori probabilities. Under the same condi-
tions Gyorfi and Gyorfi [2] showed the convergence of k,-NN
rule. The mere use of a nonparametric, e.g., NN, estimate is
normally a consequence of the partial or total lack of information
about the underlying distributions. Therefore, it is important to
prove their consistency without any condition on the distribu-
tions and to prove their rate of convergence under mild condi-
tions. Stone [3] proved the distribution-free consistency of the
NN rule.

The rate of convergence was investigated under the assumption
that the a posteriori probability functions are smooth enough, and
the density of the observation exists (Cover [4], Gyorfi [5], Beck
[6], Wagner [10], Fritz [11]). Our purpose is to weaken these
conditions.

k,-NN REGRESSION ESTIMATE

Let (X,Y) be a random vector taking values in RY X R. If
E|Y|<+oco then the regression function is defined by m(z)
——E(Y/ X=1z), z€ R p denotes the probability measure of X.
An estimate of m(z) is calculated from a sample Z”
={(X,Y,),---(X,,Y,)}, which is a sequence of independent
and identically distributed random vectors having the same distri-
bution as that of (X, Y). Assume that (X Y) and Z" are indepen-
dent. For a fixed z € R? let (X7 Yi ), X0 s Y5 ) be the
nearest neighbor ordering of Z" accordmg to increasing values of
I X; —z||. In case of a tie (X; » Y;) precedes (X;,Y) if i <j. Then
the k,, ~ NN estimate of m(z) is

1 &

Py

mn(z): k ifn'
ni=1
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The main idea of previous developments was the following: if
m is continuous and we have some values of m at a sphere S, ,
centered at z with radius r, then their average is a good ap-
proximation of m(z) for small r. However, this average is near to
the expectation:

G} J;, mCm(auy
and by the pointwise density theorem (Federer [7, theorem 2.9.8])
)f m(u)p(du)=m(z),

is true in general for any (measurable) regression function. No
continuity condition is required. On the one hand, this is a useful
tool for proving the distribution-free (universal) consistency of
NN rules {8], [9]; on the other hand, we can prove the rate of
convergence under weak condition.

r_)o IL(SZ for each z € R?mod p

Theorem: Suppose that E|Y|? < 0o and

k
lim k,= o0, lim —2=0. €))
n- oo n-oo R
Assume a function X on R? and > 0 such that
[ mu(@) —m()| <Ky @
"L(Sz,r) Ay

for each r> 0 and for each z € RY mod . Then for all sequences
a,0

annnn{\/fi,(,%n)a/d}nm,m—m(xnio )

in probability.
One has to emphasize that (2) is a smoothing condition.
However, it does not imply that m is continuous mod p.

If /&, =(n/k,)* ie., we choose
k, = nl/0+(@/20)

then accordmg to (3) the rate of convergence in probability is at
least n~ 1/@H@/@),

k,-NN DEcISION RULE

For the multiple classification rule the random vector X stands
for the observation. Given X, we have to decide on the random
variable @, which takes values in {1,2,---,M}. Let

P(z)2P(®=i/X=z), i=1,2,--,M, zER",

denote the a posteriori probabilities. The Bayesian decision rule
minimizes the probability of misdecision:

P(X)>P(X),
P(X)= P (X),

. J<i
ga(X) =i if j>i.

Then
L*(X)=P(gs(X) #0/X)

=1—- P(X
 max P (X)

4)

= inf P(g(X)#0/X).
g Rd—>(1,2," M)

P, might be defined as the regression function of the indicator of

the event {® =i} (i=1,2,---,M). Let P, , denote the k,-NN

estimate of P; (i=1,2,---,M). Then the k,-NN decision rule is
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as follows:
P, (X)>P (X),
P (X)=P (X),

. j<i
gn(X) =1 if j> i
By the bound of Gyorfi [5, lemma 4]

M
P(g,(X)#0/X,Z") = L*(X)< T |P(X) = P, ,(X)].

i=1

Therefore, our theorem implies the following corollary.
Corollary: Assume that

k
lim —2=0

lim &k, = o0,
n-oo H

n—00

and the functions P; satisfy (2) for some functions K, (i=
1,2,---,M) and a>0. Then for all sequences a,, — 0

a/d
aominyir ()P a0 07,200~ 1o 0
in probability.

PRrROOF

If the density of the observation X does not exist, then the
basic tool for proving the rate of convergence is a distribution-free
(universal) rate of convergence of the distances of the nearest
neighbors. ,

Lemma: For each sequence a,>0, if lim,_,(k,/n)=0,
then

NV
ar( ) x=xz 20 (5)

in probability.

Proof: 1t is sufficient to deal with the case where 1/,
Za,(n/k,)/* % 0, since if im,_, ,, (k, /n) =0, then [2]

X=X 150 as.

If x stands for the indicator function, then for each ¢>0
n \174
P(a,,(—) uX—Xanu>e)
k, w
:_[P(Xli,,,n gsz,esn)p’(dz)

:/p( élX(x,-esm") <k, )u(dz).
(6)

The random variable

2 X{X.€5, s,
i=1

has the binomial distribution with expectation nu(S, .5 ) and

variance np(S; 5 X1 —p(S; s,))- By the de Moivre-Laplace
theorem
n
P( 2 X(xes,a) <kn | 20 ™
i=
if

np’(Sz €8, )—kn
_ S %

”#( 2, €8, )
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Devroye [9] proved that the finite limit
hd
lim ——
w0 p(S;,a)
exists for all z € R%mod p and for all fixed »> 0. Thus we get

,€8, ) k
/2
® Sz 5,

nu (s,
for all zmod p. Therefore, (7) is true for all zmod p. Applymg the
Dominated Convergence Theorem, (6) and (7) imply (5).

n— o0

np'(sz €8

’“"(Sz €d,

—,,awr(

Proof of Theorem: Introduce the notations
(X)X = X240,
and
A*={z;pu(S,,)>0,Vr>0}.
Cover and Hart [1] proved that p(A3 = 1. Thus

LS )

"1—1

kn

2

[, (X) —m(X)|<| 1=

] 5
— ¥ m(xX)
kn i=1 ’

T X(xe4*, a,(X)>0)

1
—7——7/ m(u)p(du)
14 Sx,a,,(X) Sx,a,00

1

T X (xeA*, a(X)>0) ‘
{ o #i Sx, a,(X) )

f. m@p(du) = m(X)

X, ay(X)

a.s.

)

For the first term of the right side of (9), introduce the notation

82(2)=E((Y-m(X))’/X=z), z€R“
Then
: | . N
2
(e e 3 (s m(x2)
k, 2
:knEE _kl_ E (Yt{{n_m()(t),(n)) /X3X17""Xn
n =1
ky
—Ek_ E 4 ( tn)ﬂ)ESZ(X)a (10)
n =1

where in the last step the weak universal consistency of k,-NN
regression was used (Stone [3], Devroye [9]). For the second term
of (9), applying the same argument as that of Devroye [9, lemma
2.1], we get

2

kn

1 1

— 2m(X5,)— m(u)u(du)
k. 2 ’ lii Sx,a,01) ) /;x‘a,.m

(1)

supk,E
n

< +o00.
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For the third term of (9) we have from (2) that (

n \4 1 ;
a(7) STy ey () = m ()
k., 14 SX,a,,(X) fsx.a,,m ‘

1/d o .
sK(X)[a‘/"(f—) nX~X,§+1,,,n] as. (12)

and (10)-(12) and the Lemma prove the Theorem.
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Asymptotic Efficiency of Cléssifying Procedures
using the Hermite Series Estimate of
Multivariate Probability Densities

WLODZIMIERZ GREBLICKI

Abstract— Pattern recognition procedures derived from a nonparametric
estimate of multivariate probability density functions using the orthogonal
Hermiite system are examined. For sufficiently regular densities, the con-
vergence rate of the mean integrated square ervor (MISE) is O(n~'*),
€>0, where n is the number of observations and is independent of the
dimension. As a consequence, the rate at which the probability of misclas-
sification converges to the Bayes probability of error as the length » of the
learning sequence tends to infinity is also independent of the dimension of
the class densities and equals O(n~'/27%), & >0.

I. INTRODUCTION

In this correspondence we consider a pattern recognition pro-
cedure derived from the Hermite series estimate of a multivariate
probability density function (pdf). The usage of an orthogonal
series to estimate a density was proposed by Cencov [2], while
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Schwartz [8] gave conditions for the consistency of the estimate
employing a system of uniformly bounded orthogonal functions.
The consistency with probability 1 was examined by Bosq [1].
For a recursive version of the estimate we refer to Rutkowski [7].
The rate at which the Hermite series estimate converges to a
sufficiently smooth density was given by Schwartz [8] and im-
proved by Walter [11].

We estimate, however, a multxvanate density and examine the
mean integrated square error (MISE). Thanks to an additional
assumption, the rate of the error convergence to zero obtained by
us is better than that of Walter {11]. Next we apply the estimate
in a pattern recognition procedure and show that, for sufficiently
regular class densities, the probability of misclassification ¢on-
verges to the Bayes probability of error as rapidly as O(n ~'/?*?),
8 >0, where 7 is the length of the learning sequence. The rate is
independent of the dimension. To the author’s knowledge, this
nice and rather surprising property has not been observed for
other pattern recognition procedures. Typical results say that the
rate of the convergence decreases as the dimension increases, see,
e.g., Fukunaga and Hostetler [3], Rosenblatt [6] and Van Ryzin
(10].

II. THE ESTIMATE AND PRELIMINARIES

Let X;,:--,X, be a sample of independent observations of a
random variable X having Lebesgue density f. The random
variable X=(X®,---,X(P)) takes values in the p-dimensional

" Buclidean space R”. Let {h;; j=0,1,- - -} be the Hermite ortho-
normal system defined over R ie., let

_ ;e —1/2 2
hi(y)=(2/1a'?) e PH(y),

where

H ()= e (@) )e ™

is the jth Hermite polynomial Since, as is well-known,
{hj(x(l))h LxP) by (x )y ey = 0,100
(xM, xtP ) x € R?, consututes a complete orthonormal Sys-

tem over R”, the estimate of f(x) considered in this correspon-
dence is of the followmg form:

,x("))—‘ 2

J1=0

xMY..

f(x‘”,~ .. .hjp(x(p))’

“sJp Jl(

q
j,,=
where g depends on n. The coefficient
R
5 =p5! MY...
ajlv"'vfp_n ‘Elhjl()(i )
i=
is an estimate of

a;, ..., = E{h(XV)--

J

()

h (XP)}.
In our development we make use of the followmg three proper-
ties of the Hermite system:

—-1/12
myﬂtthj(y)l< "

c(j+1)

(1)

lmax lhj()’)lscA(j“'1)_1/4 ()
yl=4

for any nonnegative 4, and

max |y Vi, (p)| < Dy(ji+ 1)

3)

for any positive A4.

All these inequalities follow from Szegd [9, theorem 8.91.3, p.
242]. In this correspondence a,~ b, denotes that a, /b, has a
nonzero limit as n tends to infinity.
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