Yr oxp h dqg wlp h gr xeolqj r i j uds kv dqg udqgr p z donv/ wkh vwur qj o| uhfxuuhqwfdvh

Dqgu�v Whofv LP F J udgxdwh Vfkrrori Exvlqhvv/ Exgdshvw

Mdqxdu| 59/ 5334

Devwudfw

Wklv sds husuryhvxsshu dqg orz hur�0gldj rqdo/ vxe0J dxvvldq wudqvlwlrq suredelolw| hvwlp dwhv iru vwurqj o| uhfxuuhqwudqgrp z donvxqghu vx! flhqwdqg qhfhvvdu| frqglwlrqv1 Ehvlghvwkh nqrz q frqgl0 wlrqv/ yroxp h grxeolqj dqg hoolswlf Kduqdfn lqht xdolw| / d qhz surs huw| =wlp h grxeolqj lv lqwurgxfhg1

4 Lqwur gxfwlr q

414 Wkh ehj lqqlqj v

Wkh gl�xvlrq surfhvvhv lq U^g>rq Ulhp dqqldq p dqlirogv dqg udqgrp z donv rq j urxsv dqg j udskv kdyh frp p rq ixqgdp hqwdot xhvwlrqvwr dqvz hu1 Lq olj kwri wkh dgydqfhvri wkh wkhru| ri gl�xvlrq rq iudfwdov lwvhhp v wr eh z ruwk uhfrqvlghulqj wkh edvlf t xhvwlrqv ri fodvvlfdovwxglhv +Hlqvwhlq ^4<‘/ Z lhqhu ^8<‘/ Durqvrq ^4‘/ P rvhu ^69‘/^6: ‘/ Fkhhj hu/ \ dx ^44‘/ J urp ry ^58‘/ Ydursrxorv ^87‘/ Gdylhv ^4: ‘,>

Z kdwjhrp hwulf/ dqdo| wlf ru vshfwudosurshuwlhv ghwhup lqh wkh glffixvlrq vshhg lq whup v ri wkh khdwnhuqhoru wudqvlwlrq suredelolw| hvwlp dwhv dqg wkhlu uhodwlrq wr wkh hoolswlf dqg sduderolf Kduqdfn lqhtxdolwlhvB

Wkh j hqhudol}hg wudqvlwlrq suredelolw| +khdwnhuqho, hvwlp dwhv lq wkh glvfuhwh wlp h dqg vsdfh vhwwlqj kdyh wkh irup ri S_q +ı>ȷ , ⪰ F π+ȷ , Y+ı>i +q,, h–s ∗ fn+q>g+ı>ȷ ,, +XH_I ,

[S_q +ı>ȷ , ∼ fπ+ȷ , Y+ı>i +q,, h–s ∗ F n+q>g+ı>ȷ ,, +OH_I , z khuh ]S_q @ S_q . S_{q. 4} dqg wkh ixqfwlrqv i +q,>n+q>g+ı>ȷ ,, wdnh ryhu wkh uroh ri ∫ q/ g^5+ı>ȷ ,∂q>uh0 vs hfwlyho| / lq wkh fodvvlfdoJ dxvvldq hvwlp dwhv>q^{4ϵ} > )_{gϵ +ı>ȷ ,} q [ 4_{ϵ ∗ 4} lq wkh hvwlp dwhv w| slfdoo| dss hdu z lwk uhvshfwri d iudfwdow| sh vsdfh1 Lq d uhfhqwsds hu ^59‘ frp sohwh fkdudfwhul}dwlrq ri s ro| qrp ldoo| j urz lqj

wudqvlhqwj udskvz dvjlyhq1Wkh hvwlp dwhv+XH_I ,>+OH_I , + z lwk i +q, @q^{4ϵ} >n+q>g+ı>ȷ ,, @ )_{gϵ +ı>ȷ ,} q [ 4_{ϵ ∗ 4}

, krog li dqg rqo| li Y+ı>U, ⇑ U^δ dqg J +ı>ȷ , ⇑ g+ı>ȷ ,^{ϵ∗ δ} > iruδ A ϵ A 4>z khuh J lvwkh J uhhq ixqfwlrq ri wkh z don1Wkh ϵ A 5 fdvh kdvdft xluhg wkh vxe0J dxvvldq qlfnqdp h uh hfwlqj wkh vxe0gl�xvlyh fkdudfwhu ri wkh gl�xvlrq surfhvv +f1i1 ^5‘/ ^6‘/ ^64‘ dqg ^:‘,1 Wkh suhvhqwsdshuvxssohp hqwv wkh uhvxowri ^59‘ kdqgolqj wkh vwurqj o| uhfxuuhqwfdvh dqg j rhv p xfk eh| rqg lwv vfrs h1 Lwj hqhudol}hv ixqgdp hqwdo uhvxowv + dp rqj rwkhuv ^4‘/ ^69‘/^87‘, dqg uhfhqwz runv + h1j 1 ^: ‘/^49‘/^55‘/ ^5<‘, j lylqj qhfhvvdu| dqg vx! flhqwfrqglwlrqv iru +XH_I ,>+OH_I , vkrz lqj frqqhfwlrq

ehwz hhq wkh vxe0J dxvvldq hvwlp dwhv dqg hoolswlf dqg sduderolf Kduqdfn lqht xdolwlhv1 Lq grlqj wkdwd qhz iudp hz run z dv ghyhors hg iru sduderolf Kduqdfn lqht xdolwlhv dqg vxe0J dxvvldq hvwlp dwhv fryhulqj wkh z lghvwsrvvleoh vhwri ixqfwlrqv dssur{lp dwlqj wkh p hdq h{lwwlp h1Wkh nh| hohp hqwri wklvdssurdfk lvwkh qhz qrwlrq ri wlp h grxeolqj 1 Lwsurylghv d surp lvlqj qhz dssurdfk iru ixuwkhuvwxglhvri gl�xvlrq rq p hdvxuh p hwulf vsdfhv1

Wkh ixuwkhu h{srvlwlrq qhhgv vrp h gh�qlwlrqv1

415 Wkh ir xqgdwlr qv

Lq wklv vxevhfwlrq z h surylgh wkh qhfhvvdu| gh�qlwlrqv dqg frqfhswv wr eh deoh wr irup xodwh wkh wrslfv dqg wkh p dlq uhvxowri wkh sdshu1

Frqvlghu dq lq�qlwh frqqhfwhg judsk Λ z lwk d z hlj kwixqfwlrq π^{ı>ȷ} rq wkh hgjhv ı ⊃ ȷ /Wklv z hlj kw lqgxfhv d p hdvxuh π+ı, π+ı, @ ⋃ ȷ ⊃ ı π^{ı>ȷ} dqg π+D, @ ⋃ ȷ ▽ D π+ȷ , rq wkh yhuwh{ vhwD ≫ Λ dqg gh�qhvd uhyhuvleoh P dunry fkdlq/ l1h1d udqgrp z don rq wkh z hlj kwhg j udsk

+Λ>π , z lwk wudqvlwlrq suredelolwlhv S+ı>ȷ , @ π^{ı>ȷ} π+ı, / Wkh j udsk lv ht xlsshg z lwk wkh xvxdo +vkruwhvwsdwk ohqj wk, j udsk glvwdqfh g+ı>ȷ , dqg p hwulf edoov gh�qhg iru ı ▽ Λ>U A 3 dv E+ı>U, @ ⟩ ȷ ▽ Λ =g+ı>ȷ , ⋆ U| dqg lwv π∗ p hdvxuh lv ghqrwhg e|

Y+ı>U, @π+E+ı>U,,1 Wkh udqgrp z don lv vdlg wr eh vwurqj o| uhfxuuhqw+VU, li wkh qxp ehu ri uhwxuqv wr wkh vwduwlqj srlqwri wkh z don/ ehiruh lwohdyhv wkh edoo/ fhqwhuhg dwwkh vwdulqj srlqw/ lv dwohdvw sro| qrp ldolq wkh udglxv ri wkh edoo1

Ghfflqlwlrq 414 Wkh judsk kdv surshuw| ri yroxp h grxeolqj +YG, li wkhuh lv d frqvwdqwG^Y A 3 vxfk wkdwiru dooı ▽ Λ dqg U A 3 Y+ı>5U, ⪰ G^Y Y+ı>U,/ +S G^4Y ru YG, Wkh yroxp h ixqfwlrq Y dfwvrq Λ ⋄ Q_3 dqg kdvvrp h uhp dundeoh surs huwlhv +^47/ Ohp p d 515‘,1 Wkhuh lv d F^Y A 3>D^Y A 3 vxfk wkdwı>ȷ ▽ Λ>U ∼ V∼ 4 Y+ı>U, Y+ȷ >V, ⪰ F^Y ] U V ⌊^δ > +SG^5Y, z khuh δ @orj^5 G^Y dqg wkhuh lv dq D^Y A 4 vxfk wkdw 5Y+ı>U, ⪰ Y+ı>D^Y U,/ +SG^6Y, I urp wkh wuldqjxodu lqht xdolw| rqh fdq hdvlo| ghgxfh wkh vxshu0dgglwlylw| ri wkh yroxp h1 I ru ı ▽ Λ>U>VA 3 Y+ı>U, . p lq ȷ =g+ı>ȷ ,⪰ U Y+ȷ >V, ⪰ Y+ı>U . V,> +SG^7Y, dv z hoo/ lq idfw/ iru Y> Y+ı>U, . Y+ȷ >V, ⪰ Y+ı>U . V, lv dovr wuxh iru dq| ı>ȷ =g+ı>ȷ , ⪰ U1

Ghfflqlwlrq 415 Li iru wkh ixqfwlrq I =Λ ⋄ Q ↔ U +S G^4I ,///+SG^7I , duh ydolg/ wkh vkruwqrwdwlrq

+S G^I , zlooeh xvhg1

Xvlqj wklv qrwdwlrq wkh deryh vwdwhp hqwv vd| wkdw+SG^4Y, +l1h1/ yroxp h grxeolqj , lp solhv +SG^Y ,/

Ohwxv frqvlghu wkh h{lwwlp h W^{E +ı>U,} @p lq⟩ n =♭^n ∂▽ E+ı>U,| iurp wkh edooE+ı>U, dqg lwv p hdq ydoxh H^℘+ı>U, @H+W^{E +ı>U,} ⇕♭^3 @℘, dqg ohwxv xvh wkh vkruwqrwdwlrq H+ı>U, @H^ı +ı>U,1

Ghfflqlwlrq 416 Dqdorjrxvo| wr wkh yroxp h grxeolqj/ zh vd| wkdw+Λ>π, kdvwkh surshuw| ri wlp h grxeolqj li wkhuh lv d G_H A 3 vxfk wkdwiru dooı ▽ Λ dqg U ∼ 3 H+ı>5U, ⪰ G_H H+ı>U,/ +SG_4H ru WG, Z h z loosuryh wkdwwkh p hdq h{lwwlp h kdvsurs huw| +S G_H , dqg H+ı>U, ∼ fU^5 surylghg wkdwfhuwdlq frqglwlrqv krog1

Dowkrxj k z h kdyh uhp dundeoh vlp lodulw| ehwz hhq wkh surshuwlhv ri wkh yroxp h dqg wkh h{lwwlp h/ wklv vhwri ixqfwlrqvdsshduhg wr eh wrr z lgh wr jhwvxe0J dxvvldq hvwlp dwhv+XH_I ,>+OH_I , dqg wkh sduderolf Kduqdfn lqht xdolw| 1 Z h dvvxp h wkdwwkh p hdq h{lwwlp h lv xqlirup lq vsdfh lq wkh vhqvh wkdwiru doo ı>ȷ ▽ Λ H+ı>U, ⇑ H+ȷ >U,/ +H, Ohwxv gh�qh wkh ixqfwlrq I +U,>U ∼ 3 dv I +U, @ lqi_{ı▽ Λ} H+ı>U,/ I urp +H, lwiroorz v wkdwI vdwlv�hv z lwk d �{hg F A 4 iru dooı ▽ Λ dqg U ∼ 3 I +U, ⪰ H+ı>U, ⪰ F_3I +U,/ +H_I , Wklv ixqfwlrq lqkhulwv +vhh Wkhruhp 717, fhuwdlq surshuwlhv ri H+ı>U, qdp ho| I +5U, ⪰ G_I I +U,> +HG_4I , I +U, I +V, ⪰ F_I ] U V ⌊_ω > +HG_5I , z khuh ω @orj_5 G_I ∼ orj_5 G_H dqg wkhuh duh E_I A D_I A 4 vxfk wkdw E_I I +U, ⪰ I +D_I U,> +HG_6I ,

I +U, . I +V, ⪰ I +U . V,/ +HG_7I , Wkh p hdq h{lwwlp h kdv d qdwxudoorz huerxqg lq p dq| fdvhv dqg dovr lq wkh suhvhqwvwxg| z klfk lvdovr lqkhulwhg e| I I +U, ∼ fU^5/ +HG_8I , Ghfflqlwlrq 417 Li +HG_4I ,//+HG_8I , duh wuxh wkh vkruwqrwdwlrq +HG_I , zlooeh xvhg1 Wkh ixqfwlrq I z lwk surshuw| +HG_I , z loowdnh ryhu wkh uroh ri U^5 +ru U^ϵ ,>wkh p hdq h{lwwlp h lq wkh sduderolf Kduqdfn lqht xdolw| dqg lwv lqyhuvh lq wkh vxe0J dxvvldq hvwlp dwhv1 Ohwxv revhuyh wkdw H+ı>U, ⇑ U^ϵ lv dovr d xqlirup lw| uhvwulfwlrq ri wkh p hdq h{lwwlp h1 Ghfflqlwlrq 418 Wkh z hljkwhg judsk vdwlvfflhv wkh +I ∗ sduderolf ru vlp so| , sduderolf Kduqdfn lqhtxdolw| +S K_I , li wkh iroorz lqj frqglwlrq krogv1 I ru d jlyhq surffloh F @⟩ f_4>f_5>f_6>f_7>κ| / 3 ⋆ f_4 ⋆ f_5 ⋆ f_6 ⋆ f_7>3 ⋆ κ ⋆ 4>vhwri frqvwdqwv/ wkhuh lv d F_K +F, A 3 frqvwdqwvxfk wkdwiru dq| vroxwlrq x ri wkh htxdwlrq x_{q. 4}+ı, @Sx_q +ı, rq X @n̂>n . I +f_7U,‘⋄ E+ı>U, iru n>U ▽ Q wkh iroorz lqj lv wuxh1 Rq wkh vp doohu f| olqghuv ghfflqhg e|

X^∗ @n̂ . I +f_4U,>n . I +f_5U,‘⋄ E+ı>κU, dqg X^. @n̂ . I +f_6U,>n . I +f_7U,‘⋄ E+ı>κU, dqg wdnlqj +q_∗ >ı_∗ , ▽ X^∗ >+q_. >ı_. , ▽ X^. >g+ı_∗ >ı_. , ⪰ q_. ∗ q_∗ wkh lqhtxdolw| x+q_∗ >ı_∗ , ⪰ F_K [x+q_. >ı_. , krogv/ z khuh wkh vkruwqrwdwlrq [x_q @x_q . x_{q. 4} zdvxvhg1 Ohwxvuhp dun wkdwF_K ghshqgv rq wkh lqyroyhg frqvwdqwv +lqfoxglqj f_l>κ>G_Y >D_Y >D_I >E_I >F_I >G_I ,1

Lwlv nqrz q wkdwli wkh +fodvvlfdo, sduderolf Kduqdfn lqht xdolw| krogv iru d jlyhq sur�oh/ wkhq lwlv wuxh iru duelwudu| sur�oh1 Z h vkdoovhh lq Vxevhfwlrq : 14 wkdwwkh vdp h krogv lq rxu j hqhudofdvh lq wkh suhvhqfh ri +SG^I , ru +HG^I ,1

Wkh hoolswlf Kduqdfn lqht xdolw| lvd gluhfwfrqvht xhqfh ri wkh I 0sduderolf rqh dvlq wkh fodvvlfdofdvh1

Ghfflqlwlrq 419 Wkh judsk vdwlvfflhv wkh hoolswlf Kduqdfn lqhtxdolw| li wkhuh lv d F A 3 vxfk wkdwiru doo ı ▽ Λ>U A 3 dqg x kdup rqlf ixqfwlrq rq E+ı>5U,>zklfk p hdqv/ wkdw Sx @x rq E+ı>5U,> wkh iroorz lqj lqhtxdolw| krogv p d– E +ı>U, x ⪰ F p lq^{E +ı>U,} x +K,

Ghfflqlwlrq 41: Z h ghfflqh n dv 4 ⪰ n @n+ı>q>U, ⪰ U ⪰ q dv wkh p d{lp dolqwhjhu iru z klfk q n ⪰ t p lq ȷ ▽ E +ı>U, H+ȷ > ⌉ U n { , +lwhu, ru n @3 e| ghfflqlwlrq li wkhuh lv qr dssursuldwh n/Vlp loduo| wkh nhuqhoixqfwlrqn @n+q>g+ı>ȷ ,, ∼ 4 lq

+XH^I ,>+OH^I , lv ghfflqhg dv wkh p d{lp dolqwhjhu iru z klfk q n ⪰ tI + ⌉ g+ı>ȷ , n { , +=n, ru n @3 e| ghfflqlwlrq li wkhuh lv qr dssursuldwh n/Wkh frqvwdqwt lv ffl{hg/ 3 ⋆ t ⋆ p lq √^{s 3}

F^I G^I > 4 49 √ / 416 Wkh uhvxowlq eulhi

Z lwkrxwj rlqj lqwr ixuwkhu ghwdlov/ wkh p dlq uhvxowri wkh sdshu fdq eh vnhwfkhg dv iroorz v1

Wkhruhp 414 I rud vwurqjo| uhfxuuhqwzhljkwhg judsk +Λ>π, z lwk_{π ı >ȷ}^{π+ı,} ∼ s^3 A 3 wkh iroorzlqj vwdwhp hqwv duh htxlydohqw

41 +Λ>π, vdwlvfflhv +YG,>+WG, +K, dqg +H,¿

51 ℜI =+Λ>π, vdwlvfflhv +HG^I , dqg +XH^I ,>+OH^I ,¿

61 ℜI =+Λ>π, vdwlvfflhv +HG^I , dqg +S K^I ,/

Wr rxuehvwnqrz ohgj h vlp loduuhvxowvduh nqrz q rqo| iruH+ı>U, ⇑ I +U, @fU_5 rq p dqlirogvdqg iru orfdoGlulfkohwvsdfhvsurylghg wkdwwkhwrsrorj | lqgxfhg e| lqwulqvlf p hwulf +dvvrfldwhg z lwk wkhGlulfkohw irup , lv ht xlydohqwz lwk wkh rulj lqdorqh +f1i1 ^5<‘/ ^77‘,1 Wklv krp rj hqhlw| lv hqvxuhg lq rxu vhwwlqjv e| wkh hoolswlf Kduqdfn lqht xdolw| dqg wkh xqlirup ehkdylru ri wkh p hdq h{lwwlp h1 Wkhvh frqglwlrqv vhhp wr �wz hoowr wkh vxe0J dxvvldq hvwlp dwhv dqg I ∗ sduderolf Kduqdfn lqht xdolw| 1

Lwlv lp s rvvleoh wr �wdq ryhuylhz ri wkh hqrup rxv olwhudwxuh ri gl�xvlrq wkhru| lqwr wkh iudp hz run ri wkh suhvhqwsdshu1 Wkh uhdghu lv uht xhvwhg iru ixuwkhu klvwrulfdoedfnjurxqg dqg uhfhqwghyhorsp hqwv wr wxuq wr wkh z runv olvwhg ehorz e| wrslfv dqg p hwkrg1

⊆ U_q dqg Ulhp dqqldq p dqlirogv ^46‘/^56‘/ ^57‘/ ^5; ‘/^7; ‘

⊆ P dunry fkdlqv dqg judskv ^47‘/ ^45‘/ ^46‘/ ^93‘

⊆ Udqgrp z donv rq j urxsv dqg j udskv ^88‘/ ^93‘/ ^75‘

⊆ iudfwdov ^5‘/^6‘/^9‘/ ^5:‘/ ^68‘/ ^6; ‘/ ^73‘/ ^89‘/

⊆ lvrs hulp hwu| / j hrp hwu| / vshfwud ^<‘/^48‘/^66‘/ ^67‘/ ^6<‘/^74‘ ⊆ Glulfkohwvsdfhv +ru p hdvxuh p hwulf vsdfhv, ^6‘/ ^9‘/ ^53‘/^5<‘/ ^76‘/ ^77‘/ ^78‘/ ^8: ‘ ⊆ ixuwkhu jhqhudol}dwlrqv ^43‘/ ^8; ‘ Dwwklv srlqwwkh dxwkru kdv wr dsrorj l}h1 Wkh olvwlv idu iurp ehlqj frp sohwh/ udwkhu lwuh hfwv wkh dxwkru*v olp lwhg fdsdflw| dqg qrwmxgj hp hqwderxwwkh p lvvlqj z runv1

Dfnqrz ohgj p hqwv Wkh dxwkrulv lqghewhg wr D1J uljru*| dq dqg W1Frxokrq iruwkhlu iulhqgo| vxssruwdqg xvhixoglvfxv0 vlrqv1

5 I xuwkhu ghfflqlwlr qv dqg wkh uhvxowv

Wklv vhfwlrq frqwdlqv doowkh qhfhvvdu| gh�qlwlrqv/ wkh ixoovwdwhp hqwri wkh uhvxowv dqg vrp h frp p hqwv1 F r qglwlr q 4 Wkurxjkrxwwkh z kroh sdshu S_{ı>ȷ} ∼ s_3 A 3 +s_3, lv d vwdqglqj dvvxp swlrq1 Wkh dqdo| vlv ri wkh udqgrp z don qhhgv vrp h edvlf hohp hqwv ri srwhqwldowkhru| +^4; ‘/^86‘,1 Ghfflqlwlrq 514 I ru dq| wz r glvmrlqwvhwv D>E ≫ Λ wkh uhvlvwdqfh υ+D>E, lv ghfflqhg dv

υ+D>E,^{∗ 4} @lqi √ ++L∗ S, i >i ,_π =i ⇕_D @4>i ⇕_E @3 √

dqg zh lqwurgxfh wkh iroorz lqj vkruwqrwdwlrqv υ @υ+ı>U, @υ+⟩ı| >Λ∐E+ı>5U,, dqg υ+ı>U>5U, @υ+E+ı>U,>Λ∐E+ı>5U,,> z klfk zlooeh xvhg z khuh lwlv qrwdp eljxrxv1 Ghfflqlwlrq 515 Z h vd| wkdwwkh udqgrp z don ruwkh judsk lvvwurqjo| uhfxuuhqwli wkhuh duh f_υ A 3>P ∼ 5 vxfk wkdwiru dooı ▽ Λ>U ∼ 4 υ+ı>P U, ∼ +4. f_υ,υ+ı>U,/ +VU, Uhp dun 514 Lwlv hylghqwwkdwiurp wklv frqglwlrq lwiroorz v wkdwwkhuh duh f>η_υ A 3 iru zklfk iru doo O>U ▽ Q>ı▽ Λ υ+ı>OU, ∼ fO^{ηυ} υ+ı>U,> +514, υ+ı>U, A fU^{ηυ} > +η_υ @orj_5+4 . f_υ,, l1h1 υ+ı>U, whqgv wr lqfflqlw| dqg khqfh wkh udqgrp zdon lv uhfxuuhqwvlqfh lwlv zhoo nqrzq wkdwwklv krogv li υ+ı>U, ↔ △ +f1i1^4; ‘,1 Wklv ghfflqlwlrq lv vlp lodu exwqrwhtxlydohqwz lwk wkh fodvvlfdorqh/ qdp ho| / wkdwJ_q @ ⋃_q n@3 s_n+ı>ı,>wkh h{shfwhg qxp ehu ri uhwxuqv lv sro| qrp ldolq q/ Lw lv z hoonqrzq wkdwiru wkh vlp soh v| p p hwulf udqgrp z don rq ~^g J_q ⇑ ∫ q li g @4 z kloh J_q ⇑ orj q li g @ 5/Wkh wz r frqglwlrqv frlqflgh surylghg wkdwixuwkhu frqglwlrqv krog +f1i1 ^85‘,1 I ru ~^g lwlv hdv| wr fflqg wkdwυ+ı>U, @^4_5 U li g @ 4 dqg υ+ı>U, ⇑ orj U zklfk lp p hgldwho| vkrz v wkdwwkh wz r glp hqvlrqdolqwhjhu odwwlfh lv zhdno| uhfxuuhqwdffruglqj wr wkh ghfflqlwlrq1 Dovr rqh fdq fflqg vhyhudo h{dp sohv iru vwurqjo| uhfxuuhqwiudfwdow| sh judskv1 Wkh p rvwfrp p rq h{dp soh lv wkh Vlhuslqvnl jdvnhw/ z khuh orjυ+ı>U,∂orj U ⇑ +orj 8∗ orj 6, ∂orj 5/^8‘1 Ghfflqlwlrq 516 Z h vd| wkdwwkh judsk kdv wkh uhvlvwdqfh grxeolqj surshuw| li wkhuh lv d frqvwdqwG_υ A 3 vxfk wkdwiru dooı ▽ Λ dqg U A 3 υ+ı>5U, ⪰ G_υυ+ı>U,/ +υG,

Rqh fdq revhuyh wkdwwklv frqglwlrq dqg vwurqj uhfxuuhqfh grq*wlp so| wkh sro| qrp ldo jurz wk ri υ+ı>U,/ Lq wkh z kroh vht xhowkh vkruwqrwdwlrq d^σ ⇑ e^σ z looeh xvhg li wkhuh lvd F A 4 vxfk wkdwirudoosrvvleoh σ¿_4^F d^σ ⪰ e^σ ⪰ F d^σ/

Ghfflqlwlrq 517 Z h vd| wkdwwkh uhvlvwdqfh lv xqlirup lq Λ uhodwlyh wr wkh yroxp h li υ+ı>U,Y+ı>U, ⇑ υ+ȷ >U,Y+ȷ >U,/ +υ, Ghfflqlwlrq 518 Z hvd| wkdwwkhjudsk kdvwkhuhvlvwdqfhgrxeolqj surshuw| rq dqqxol li wkhuhduhfrqvwdqwv

G^{υD} A 3>P ∼ 5 vxfk wkdwiru dooı ▽ Λ dqg U A 3 υ+ı>5U>5P U, ⪰ G^{υD} υ+ı>U>P U,/ +υ^DG, Ghfflqlwlrq 519 Z h vd| wkdwwkh dqqxoxv uhvlvwdqfh lv xqlirup lq Λ uhodwlyh wr wkh yroxp h li z lwk d ffl{hg P ∼ 5 υ+ı>U>P U,Y+ı>P U, ⇑ υ+ȷ >U>P U,Y+ȷ >P U,/ +υ^D, Ghfflqlwlrq 51: Wkh udqgrp z don ghfflqhg e| +Λ>π, zlooeh ghqrwhg e| +♭^q ,/Lwlv d uhyhuvleoh P dunry fkdlq rq wkh vwdwh vsdfh Λ/ uhyhuvleoh zlwk uhvshfwwr wkh p hdvxuh π dqg kdvrqh vwhs wudqvlwlrq suredelolw|

S+♭^{q. 4} @ȷ ⇕♭^q @ı, @S+ı>ȷ , @ π^{ı>ȷ} π+ı, dqg wkh q0vwhs wudqvlwlrq suredelolw| lv

S^q +ı>ȷ , @S+♭^q @ȷ ⇕♭^3 @ı,/

Ghfflqlwlrq 51; I ru D ≫ Λ>S_D @S_D+ȷ >℘, @ S+ȷ >℘,⇕^{D⋄ D} lv d vxevwrfkdvwlf p dwul{ +ru wkh rshudwru fruuhvsrqglqj wr wkh Glulfkohwerxqgdu| frqglwlrq,/ wkh uhvwulfwlrq ri S wr wkh vhwD/ Lwv lwhudwhv duh ghqrwhg e| S_D^n dqg lwghfflqhv dovr d udqgrp z don nloohg/ z khq lwohdyhv wkh vhw1

I ru wkh vdnh ri frp sohwhqhvv z h j lyh d irup dogh�qlwlrq ri wkh h{lwwlp h1

Ghfflqlwlrq 51< Wkh h{lwwlp h +dqg lwv h{shfwhg ydoxh, iurp d vhwD lv ghfflqhg dv

W^D @p lq⟩ n =♭^n ▽ Λ∐D| > H^ı +D, @H+W^D⇕♭^3 @ı, dqg ghqrwh H+ı>U, @H^ı +E+ı>U,,

Ghfflqlwlrq 5143 Wkh h{wuhp h p hdq h{lwwlp h lv ghfflqhg dv

H+D, @p d–^{ı▽ D} H+ı>D, dqg H+ı>U, @ p d–^{ȷ ▽ E +ı>U,} H+W^{E +ı>U,} ⇕♭^3 @ȷ ,/

Ghfflqlwlrq 5144 Wkh lqyhuvh ixqfwlrq ri H+ı>U, lq wkh vhfrqg yduldeoh z looeh ghqrwhg e| h+ı>w,/ l1h1 h+ı>H+ı>U,, @U Ghfflqlwlrq 5145 Z h lqwurgxfh J_D+ȷ >℘, @ △⋃ n@3 S_D^n +ȷ >℘, wkh orfdoJ uhhq ixqfwlrq/ wkh J uhhq ixqfwlrq ri wkh nloohg zdon1 Wkh qrwdwlrq S_U @S_{ı>U} @S_{E +ı>U,} +ȷ >℘, z looeh xvhg iru D @E+ı>U, dqg iru wkh fruuhvsrqglqj J uhhq ixqfwlrq e| J_U @J_{ı>U}/

Ghfflqlwlrq 5146 OhwCD ghqrwh wkh erxqgdu| ri D =CD @ ⟩ ℘ ▽ Λ∐D =ℜȷ ▽ D dqg ȷ ⊃ ℘| >dqg sduwlfxoduo| V+ı>U, @CE+ı>U,1

Uhp dun 515 Lwlv z hoo0nqrzq +f1i1 ^7<‘, wkdw J^{ı>U}+ı>ı, @π+ı,υ+ı>U,> z klfk lv d vshfldofdvh ri J^D+ı>ı, @π+ı,υ+ı>CD,/ Ghfflqlwlrq 5147 Z h lqwurgxfh wkh p d{lp douhfxuuhqwuhvlvwdqfh +ru lqyhuvh fdsdflw| , ri d vhwD ≫ Λ z lwk uhvshfwwr wkh lqwhuqdoGlulfkohwsureohp υ+D, @p d–_{ȷ ▽ D} υ+ȷ >CD,/ Ghfflqlwlrq 5148 Wkh Odsodfh rshudwru ri fflqlwh vhwv sduwlfxoduo| iru edoov fdq eh ghfflqhg dv +L∗ S,⇕_{D⋄ D} ru vlp so| L∗ S^D/Wkh vp doohvwhljhqydoxh lv ghqrwhg lq jhqhudoe| ξ+D, dqg iru D @E+ı>U, e| ξ @ ξ+ı>U, @ξ+E+ı>U,,/I ru yduldwlrqdoghfflqlwlrq dqg surshuwlhv vhh ^47‘1 Ghfflqlwlrq 5149 Z h vd| wkdwwkh judsk vdwlvfflhv wkh hljhqydoxh grxeolqj surshuw| li wkhuh lv d G_ξ A 3 vxfk wkdwiru dooedoov E+ı>U, ξ^{∗ 4}+ı>5U, ⪰ G_ξ ξ^{∗ 4}+ı>U,/ +ξ^{∗ 4}G, Ghfflqlwlrq 514: Z h vd| wkdwwkh hljhqydoxh lv xqlirup lq Λ li ξ+ı>U, ⇑ ξ+ȷ >U,/ +ξ, Wkh uhvxowv ri wkh sdshu duh wkh iroorz lqj = Wkhruhp 514 I ru dq| z hljkwhg judsk +Λ>π, z lwk +s_3, li +YG,+VU,>+K, dqg +WG, ru +υG, ru +υ_DG, ru +ξ^{∗ 4}G, krog/ wkhq wkhuh duh f>F A 3 vxfk wkdwiru dooı>ȷ ▽ Λ>q A 3

41 S_q +ı>ı, ⪰ F π+ı, Y+ı>h+ı>q,, ¿ +OGXH, 51 S_q +ı>ȷ , ⪰ Fπ+ȷ , ] 4 Y+ı>h+ı>q,,Y+ȷ >h+ȷ >q,, ⌊ 4_5

¿ +OSXH, 61 S_{5q} +ı>ı, ∼ fπ+ı, Y+ı>h+ı>q,, ¿ +OGOH, 71 S+W_{ı>U} ⋆ q, ⪰ h–s ∗ n+ı>q>U,> +Ofi , zkhuh n lv wkh p d{lp dolqwhjhu 4 ⪰ n ⪰ U ⪰ q vdwlvi| lqj +lwhu,/ Wkhruhp 515 I ru vwurqjo| uhfxuuhqwzhljkwhg judskv z lwk +s_3, wkh iroorz lqj vwdwhp hqwv duh htxlydohqw

41 +Λ>π, vdwlvfflhv +YG,>+K,>

+WG, ru +υG, ru +υ_DG, ru +ξ^{∗ 4}G, dqg +H, ru +υ, ru +υ_D, ru +ξ, ¿

:

51 wkhuh lv dq I vxfk wkdw+HG^I , dqg +XH^I ,>+OH^I , krog>

61 wkhuh lv dq I vxfk wkdw+HG^I , dqg +SK^I , krog1

Wkhruhp 516 I ru dooz hljkwhg judsk +Λ>π, z lwk +s^3, wkh vwdwhp hqwv ehorz lp so| wkh vxevhtxhqwrqh1

41 wkhuh lv dq I vxfk wkdw+Λ>π, vdwlvfflhv +HG^I ,> +XH^I , dqg +OH^I ,¿

51 wkhuh lv dq I vxfk wkdw+Λ>π, vdwlvfflhv +HG^I , dqg +SK^I ,¿

61 +Λ>π, vdwlvfflhv +YG,/+υ^D,>+υ^DG, dqg +K,/

Wkh deryh uhvxowv duh qhz lq vhyhudouhvshfwv1 Z h duh qrwdz duh ri dq| suhghfhvvru ru frxqwhusduw ri wkh wlp h grxeolqj dqg xsshu dqg orz hu hvwlp dwh dqg sduderolf Kduqdfn lqht xdolw| edvhg rq I /Wkh uhvxowv j hqhudol}hv vhyhudoz runv=+^69‘/^87‘/^5<‘/^55‘/^49‘/ ^: ‘ mxvwwr olvwvrp h ri wkhp ,1

Wkh surri lwvhoi frqwdlqv vhyhudoqhz hohp hqwv1 Lq rughu wr kdqgoh wkh vxe0J dxvvldq nhuqho/ vhyhudo surshuwlhvduh vwxglhg lq Vhfwlrq 6 dqg 71 Wklvdqdo| vlvlvedvhg rq jhqhudosrwhqwldo0wkhruhwlf dujxp hqwv dqg lqht xdolwlhv jlyhq lq wkh Vxevhfwlrq 61406171 Wkh oduj h ghyldwlrq uhvxow+Vhfwlrq 81, ri wkh h{lwwlp h lv d volj kwj hqhudol}dwlrq ri wkh vlp lodu hvwlp dwh ri ^7‘ ru ^59‘1 Lq rughu wr j hwwkh vxe0J dxvvldq hvwlp dwh iurp wkh gldj rqdohvwlp dwh d qhz p hwkrg lv ghyhorshg +lq Vhfwlrq : 14, vlqfh qrqh ri wkh nqrz q p hwkrgv

+f1i1 ^55‘/ ^4: ‘/^56‘/ ^63‘, z dv gluhfwo| dssolfdeoh1 Vhyhudovwhsv ri wklv qhz p hwkrg z huh dgdswhg iurp ru dwohdvwlqvsluhg e| wkh deryh z runv/ sduwlfxoduo| e| ^56‘ dqg ^59‘1 Wkh surri ri wkh gldj rqdohvwlp dwhv

+Vhfwlrq 91, lv d j hqhudol}dwlrq ri nqrz q p hwkrgv ^5: ‘/^83‘ dqg Wkhruhp 516 +Vhfwlrq :1/; 1, j hqhudol}h

^55‘/ ^49‘1

Z h lqwurgxfh iru wkhvh vhwri lqlwldofrqglwlrqv d vkruwqrwdwlrq

+Lql, @+s^3, . +YG, . +VU, . +WG, . +K,/

6 Vfdolqj s ur s huwlhv

Lq wklv vhfwlrq z h suryh wkh iroorz lqj uhvxowv/ z klfk duh wkh nh| wr wkh vxe0J dxvvldq hvwlp dwhv1

Wkhruhp 614 Li +Lql, krogv/ wkhq wkhuh lv dq P A 4 vxfk wkdwiru dooı ▽ Λ>U ∼ 4 H+ı>U, ⇑ H+ı>U, ⇑ ξ_{∗ 4}+ı>U, ⇑ υ+ı>U,Y+ı>U, ⇑ υ+ı>U>P U,Y+ı>P U,/ +614, Wkhruhp 615 Li +Lql, krogv/ wkhq wkhuh lv d F A 4 vxfk wkdwiru dooı ▽ Λ dqg U A 3 H+ı>U, ⪰ F H+ı>U,/ +H, F r ur oodu| 616 Li +s^3,>+YG,>+VU, dqg +K, krogv/ wkhq +WG, ⇓ ⇔ +ξ_{∗ 4}G, ⇓ ⇔ +υG, ⇓ ⇔ +υ^DG,/ I luvwz h vkdoo uhfdoovrp h yhu| j hqhudodqg xvhixolqht xdolwlhv/ wkhq dvvxp lqj wkh hoolswlf Kduqdfn lqht xdolw| z h fdq rewdlq lqht xdolwlhv lq wkh rssrvlwh gluhfwlrq dqg jhwdv| p swrwlf ht xdolwlhv1

614 J hqhudolqht xdolwlhv

Z h vwduwz lwk vrp h hohp hqwdu| revhuydwlrqv/ z klfk z loo eh xvhg lq wkh uhvwri wkh surriv dqg duh lqwhuhvwlqj rq wkhlu rz q1

S ur s r vlwlr q 617 Li +s^3, dqg +YG, krog/ wkhq ξ+ı>U, ⪰ FU_{∗ 5}/ S ur r i1 I ru wkh surri vhh ^47‘ ru ^59/ Ohp p d 816‘1 ;

Ohp p d 618 I ru doouhfxuuhqwudqgrp zdonv lwlv reylrxv/ wkdw H_ı +W_D, ⪰ υ+ı>CD,π+D,/ +615, S ur r i1 E| gh�qlwlrq H_ı +D, @ ⋃ ȷ ▽ D J^D+ı>ȷ , @ ⋃ ȷ ▽ D π+ȷ , π+ı, J^D +ȷ >ı, @ ⋃ ȷ ▽ D π+ȷ , π+ı, S +W_ı ⋆ W_D,J^D+ı>ı, @ 4 π+ı, J^D+ı>ı,π+D,/

Ohp p d 619 I ru dooudqgrp z donv dqg iru doo⊤∃@D ≫ Λ ξ^{∗ 4}+D, ⪰ H+D, +ξH, dqg iru uhfxuuhqwudqgrp zdonv H+D, ⪰ υ+D,π+D, +616, S ur r i1 Dvvxp h wkdwi ∼ 3 lv wkh hlj hq ixqfwlrq fruuhvsrqglqj wr ξ @ξ+D,/ wkh vp doohvwhlj hqydoxh ri wkh Odsodfh rshudwru Ξ_D @L∗ S^D rq D dqg ohwi eh qrup dol}hg vr wkdwp d{_{ȷ ▽ D}i +ȷ , @i +ı, @4/Lw lv fohdu wkdw H_ı +W_D, @ ⋃ ȷ ▽ D J^D+ı>ȷ ,>

z kloh Ξ^{∗ 4}_D @J^D frqvht xhqwo| 4 ξ @ 4 ξ i +ı, @J^D i +ı, ⪰ ⋃ ȷ ▽ D J^D+ı>ȷ , @H_ı +W_D,>

z klfk jlyhv wkh �uvwvwdwhp hqw1 Wkh vhfrqg iroorz v iurp wkh Ohp p d 6181 S ur s r vlwlr q 61: I ru dooudqgrp zdonv rq z hljkwhg judskv dqg iru ⊤∃@D ≫ E ≫ Λ fflqlwh vhwv ξ+E, ⪰ υ+D>CE,π+E∐D, H_{CD}+W_{D>E} ,^5 z khuh W_{D>E} ghqrwhv wkh wlp h ri wkh zdon uh hfwhg rq D dqg nloohg z khq lwohdyhv E/Wkh lqlwldovwhs ri wkh z don iurp ı ▽ D wr ȷ ▽ Λ∐D lv glvwulexwhg e| π_{ı>ȷ} ∂ ⋃ ℘▽ D>z ▽ Λ∐D π℘>z 1 Wklv lv ghqrwhg lq vkruwe| HCD/

Z h rp lwwkh surri ri wklv sursrvlwlrq vlqfh lwlv gluhfwj hqhudol}dwlrq ri wkh surri ri wkh iroorz lqj vwdwhp hqw1 S ur s r vlwlr q 61; +f1i1 ^84‘/^85‘,Iru dooudqgrp zdonv rq z hljkwhg judskv dqg U ∼ 5>P ∼ 5 ξ+ı>P U, ⪰ υ+ı>U>P U,Y+ı>P U, H+z >^{P ∗ 4}_5 U,^5 > z khuh z ▽ V+ı>^{P . 4}_5 U, p lqlp l}hv H+z >^{P ∗ 4}_5 U,/

615 F r qvht xhqfhv r i wkh hools wlf Kduqdfn lqht xdolw|

Ehiruh z h vwxg| wkh p hdq h{lwwlp h z h z loouhfdoovrp h surshuwlhv ri wkh yroxp h1 S ur s r vlwlr q 61< Li +s_3, krogv/ wkhq iru dooı>ȷ ▽ Λ dqg U A 3 dqg iru vrp h F @F+s_3,/ Y+ı>U, ⪰ F^U π+ı,> +617, s^{g+ı>ȷ ,} 3 π+ȷ , ⪰ π+ı,/ +618,

<

Uhp dun 614 Wkh lqht xdolw| +617, lp solhv wkdw/ iru dq| �{hg U¿Y+ı>U, ⇑ π+ı,1

Wkh yroxp h grxeolqj kdv d z hoonqrz q frqvht xhqfh/ wkh vr0fdoohg fryhulqj sulqflsoh/ z klfk lv wkh iroorz lqj

S ur s r vlwlr q 6143 Li +s^3, dqg +YG, krog/ wkhq wkhuh lvd ffl{hg lqwhjhu P vxfk wkdwiru dooı ▽ Λ>U A 3>

E+ı>U, fdq eh fryhuhg dwp rvwz lwk P edoov ri udglxv U∂5/

S ur s r vlwlr q 6144 Dvvxp h/ wkdwΛ vdwlvfflhv +s^3,>+YG, dqg +K,/ wkhq iru dooffl{hg N ∼ 5O>O∼ 4 wkhuh lv d F @F+N>O, A 4 vxfk wkdwiru dooı ▽ Λ p d–^{ȷ ▽ D} J_{ı>+N . 6,U}+ȷ >ı, ⪰ F p lq^{ȷ ▽ D} J_{ı>+N . 6,U} +ȷ >ı,> +KJ , z khuh D @E+ı>NU,∐E+ı>OU,/ S ur r i1 Wkh lghd ri wkh surri lvgxh wr W1Ghop rwwh dqg D1J uljru*| dq +sulydwh frp p xqlfdwlrq,1 Ohw xvdvvxp h �uvwwkdwU ∼ 53 dqg N @5>O@4/+Wkh j hqhudofdvh iroorz vlq wkh vdp h z d| / lwz looeh fohdu wkdwwklv lv wkh p rvwuhvwulfwlyh fdvh1, Ghqrwh j +d>e, @_4^{π+e,} J_{ı>+N . 6,U}+d>e,/I ru wz r duelwudu| srlqwv ȷ >℘ ▽ D @E+ı>5U,∐E+ı>U, frqvlghu wkh vkruwhvwsdwk frqqhfwlqj wkhp > ȷ @σ^3 ⊃ σ^4 ⊃ ///⊃ σ^n @℘ z khuhn @g+ȷ >℘,/Li wkhsdwk uxqvrxwvlghri E+ı>_U^7 ,/ wkhq wkhgluhfwdssolfdwlrq ri wkhfryhulqj sulqflsoh j lyhv wkh ghvluhg hvwlp dwh1

F DVH 41 Vxssrvh �uvwwkdwhdfk s rlqwσ^l olhv rxwvlgh wkh edooE+ı>_U^7 ,/E| wkh lwhudwhg xvh ri wkh fryhulqj sulqflsoh wkh edooE+ı>7U, fdq eh fryhuhg e| Q edoov ri udglxv v @_U^{53} ∼ 41 Vhohfwrxwri wkhp rqo| wkrvh/ z klfk frqwdlq dwohdvwrqh ri wkh srlqwv σ^l dqg ghqrwh wkhlu fhqwhuv e| r^m/ m@ 4>5>///>Q1

Z h vhohfwd vxevhwri wkhvh edoov dqg gh�qh uhfxuvlyho| d qhz olvwlqj ri wkhp 1 Wkh qhz fhqwhuv z looeh ghqrwhg e| z^n1 Gh�qh wkh xqlrq ri wkh edoov fryhulqj d ▽ Λ dvX+d, @∧⟩E+r^m>v, =m=d ▽ E+r^m>v,| /Ohw xv gh�qh d^4 @ȷ >e^4 @σ^{l4} li l^4 @p d–+m=σ^m ▽ X+d^4,| /Ghqrwh d^5 @σ^{l4 . 4} wkh �uvwyhuwh{ rq wkh sdwk iurp ȷ wr ℘>z klfk lv qrwfryhuhg e| X+d^4, 1 Wkhq wkh uhfxuvlyh gh�qlwlrq lv l^n @p d–⟩ m=σ^m▽ X+d^n,| dqg e^n @σ^{ln} >d^{n. 4} @σ^{ln . 4}/Rxusurfhgxuh hqgvdwe^N @℘ lq N ⪰ Q vwhsv1I urp wkh gh�qlwlrq lwlvfohdu/ wkdwiruhdfk e^n wkhuh lvdwohdvwrqh E+r^m>v,>vxfk wkdwd^n>e^n ▽ E+r^m>v,/Ghqrwh rqh ri wklvedooE+z^n>v,/

Lwlvhylghqwiurp wkh gh�qlwlrq/ wkdwd^n>e^n>d^{n. 4} ▽ E+z^n>5v, dvz hoodvwkh z kroh sdwk lv fryhuhg e| wkh edoov E+z^n>v, n @4//N/Z h uhfdooqrz wkdwg+σ^m>ı, A_U^7 / frqvht xhqwo| g+ı>z^n, A 7v vlqfh g+ı>z^n, ∼ g+σ^m>ı, ∗ v A U 7 ∗ U 53 ∼ 7U 53 @7v/ Wklv p hdqv wkdwz h fdq frp sduh j +ı>d^l, ⪰ Fj +ı>d^{l. 4}, xvlqj wkh Kduqdfn lqht xdolw| rq E+z^l>7v, dqg lq wkh odvwedooj +ı>d^N , ⪰ F j +ı>℘, z klfk �qdoo| uhvxowv wkdw j +ı>ȷ , ⪰ F_Q j +ı>℘,/ F DVH 51 Vxssrvh wkdwrqh ri wkh srlqwv σ^l olhv lq wkh edooE+ı>_U^7 ,1 Ghqrwh e| σ rqh ri σ^l0v z klfk lv wkh qhduhvwsrlqwwr ı1 Wkhq z h rewdlq 7U ∼ g+ȷ >℘, ∼ g+ȷ >σ, ∼ g+ı>ȷ , ∗ g+ı>σ, ∼ U+4∗ 4 7 , A 6U 7 / Wkhuhiruh/ erwk s rlqwv ı>℘ olh lq wkh dqqxoxv E+ȷ >7U, ∐ E+ȷ >6U∂7,1 Ohwxv frqqhfwqrz wkh srlqwv ı dqg ℘ e| wkh vkruwhvwsdwk dqg ohwκ eh wkh qhduhvwsrlqwwr ȷ rq wkdwsdwk1 E| wkh wuldqj oh lqht xdolw| / z h kdyh g+ȷ >σ, ∼ g+ı>ȷ , ∗ g+ı>σ, dqg g+℘>σ, ∼ g+ı>℘, ∗ g+ı>σ,>

z khqfh g+ȷ >℘, @g+ȷ >σ, . g+℘>σ, ∼ g+ı>ȷ , . g+ı>℘, ∗ 5g+ı>σ,/ Wkhuhiruh/ g+ȷ >κ, ∼ g+ȷ >℘, ∗ g+℘>κ, ∼ g+ȷ >℘, ∗ g+℘>ı, ∼ g+ı>ȷ , ∗ 5g+ı>σ, A U ∗ 5U 7 @ U 5 / Khqfh/ wkh sdwk iurp ı wr ℘ vwd| v rxwvlgh wkh edooE+ȷ >^U_5 ,1 Dsso| lqj wkh duj xp hqwri wkh �uvwfdvh/ z h rewdlq j +ȷ >ı, ⪰ Fj +ȷ >℘,/ +619, Lq wkh vdp h z d| / e| lqwhufkdqjlqj wkh srlqwv ȷ >℘/ z h rewdlq j +℘>ȷ , ⪰ Fj +℘>ı,/ +61: , Vlqfh wkh nhuqhoj lv v| p p hwulf/ +619, dqg +61: , lp so| j +ȷ >ı, ⪰ F^5j +℘>ı,> z klfk z dv wr eh suryhg1 I ru vp dooU xvh +s_3,/ S ur s r vlwlr q 6145 Li +s_3,>+YG,>+VU, dqg +K, krog/ wkhq wkhuh duh f A 3>P ∼ 5 vxfk wkdwiru doo ı ▽ Λ>U A 3 υ+ı>U>P U, ∼ fυ+ı>P U,/ S ur r i1 Ghqrwh D @E+ı>P U, dqg ohwxv gh�qh wkh vxshu0ohyhovhwv ri J^D dv K_ȷ @⟩℘ ▽ E+ı>5U, = J^D+ı>℘, A J^D+ı>ȷ ,| dqg Λ_ȷ wkh srwhqwldoohyhori ȷ xvlqj wkh olqhdu lqwhusrodwlrq rq wkh hgj hv +f1i1 ^83‘,1 I ru ȷ ▽ V+ı>U, υ+ı>P U, @υ+ı>Λ_ȷ , . υ+Λ_ȷ >V_{ı>P U} ,^{+K J ,}⪰ υ+ı>U, . F π+ı, p lq ȷ ▽ V+ı>U, J^D+ȷ >ı,> z klfk surylghv υ+ı>P U, ⪰ υ+ı>U, . F υ+U>P U, ⪰ 4 4. f_υ υ+ı>P U, . F υ+ı>U>P U,/ I lqdoo| lwiroorz v/ wkdw υ+ı>P U, ⪰ 4. f_υ f_υ Fυ+ı>U>P U,/

Uhp dun 615 Wkh frqyhuvh ri wklv sursrvlwlrq lv vwudljkwiruz dug1 Li υ+ı>U>P U, ∼ fυ+ı>P U,> wkhq wkh udqgrp z don lv vwurqjo| uhfxuuhqw1 Wklv iroorz v iurp wkh vkruwlqj ri V+ı>U,>z klfk jlyhv υ+ı>P U, ∼ υ+ı>U, . υ+ı>U>P U,/ Xvlqj wkh frqglwlrq rqh jhwv υ+ı>P U, ∼ υ+ı>U, . fυ+ı>P U, dqg +VU, iroorzv1 Wklv uhvxowv wkh iroorz lqj fruroodu| 1 44

F r ur oodu| 6146 Li +s^3,>+YG,>+VU, dqg +K, krog/ wkhq iru U A 3 υ+ı>U>P U, ⇑ υ+ı>P U,/ F r ur oodu| 6147 Li +s^3,>+YG,>+VU, dqg +K, krog/ wkhq wkhuh lv d F A 4 vxfk wkdwiru dooı ▽ Λ>U A 3 J_{ı>P U} +ı>ı, ⪰ F p lq^{ȷ ▽ E +ı>U,} J_{ı>P U} +ȷ >ı,/ +FJ , S ur r i1 Ghqrwh D @E+ı>P U, dqg ohwxv xvh Sursrvlwlrq 61451 4 π+ı, J_{ı>P U}+ı>ı, @υ+ı>P U,_{+VU,}⪰ F υ+ı>U>P U, ⪰ F p d–^{ȷ ▽ E +ı>P U,∐E +ı>U,} 4 π+ı, J_{ı>P U}+ȷ >ı,> z khuh wkh odvwlqht xdolw| iroorz v iurp wkh p d{lp xp sulqflsoh1 Wkh srwhqwldoohyhori wkh yhuwh{ ȷ p d{l0 p l}lqj J_{ı>P U}+/>ı, uxqv lqvlgh ri E+ı>U, dqg fohduo| ȷ ▽ V+ı>U,>khqfh

F p d– ȷ ▽ E +ı>P U,∐E +ı>U, 4 π+ı, J_{ı>P U}+ȷ >ı, @F p d–^{ȷ ▽ V+ı>U,} 4 π+ı, J_{ı>P U} +ȷ >ı,_{+K J ,}⪰ F p lq ȷ ▽ V+ı>U, 4 π+ı, J_{ı>P U}+ȷ >ı, @F p lq^{ȷ ▽ E +ı>U,} 4 π+ı, J_{ı>P U}+ȷ >ı,/

S ur s r vlwlr q 6148 +f1i1 ^86‘,I ru dooudqgrp zdonv dqg iru dooD ≫ E ≫ Λ ξ+E,υ+D>E,π+D, ⋆ 4> +61; , sduwlfxoduo| iru E @E+ı>P U,>D @E+ı>U,>ı ▽ Λ>U>P A 4 ξ+ı>P U,υ+ı>U>P U,Y+ı>U, ⪰ 4> +61<, dvvxp lqj +YG, ξ+ı>P U,υ+ı>U>P U,Y+P U, ⪰ F +6143, dqg iru E @E+ı>U,>D @⟩ı| li +s^3,>+YG,>+VU, dqg +K, krog/ wkhq ξ+ı>U,υ+ȷ >U,Y+ı>U, ⪰ F/ +6144, S ur r i1 Wkh �uvwvwdwhp hqwiroorz viurp wkh yduldwlrqdogh�qlwlrq ri wkh hljhqydoxh xvlqj wkh fdsdflw| srwhqwldoehwz hhq D dqg Λ∐E/Wkh rwkhu vwdwhp hqwv duh gluhfwfrqvht xhqfhv ri wkh suhylrxv rqh1

Wkh qh{wsursrvlwlrq lv dq hdv| dgdswdwlrq ri ^7<‘

S ur s r vlwlr q 6149 I ru uhfxuuhqwzdonv li +s^3,>+YG, dqg +F J , krog/ wkhq υ+ı>P U,Y+ı>P U, ⇑ H+ı>P U,> +6145, lq ghwdlov wkhuh lv d frqvwdqwf A 3 vxfk wkdw fY+ı>P U,υ+ı>P U, ⪰ H+ı>P U, ⪰ Y+ı>P U,υ+ı>P U, +6146, krogv dqg dgglwlrqdoo| +υ, lv htxlydohqwzlwk +H,1

S ur r i1 Wkh xss hu hvwlp dwh lvwulyldoiurp Ohp p d 6181 Wkh orz hu hvwlp dwh lvdop rvwdv vlp soh dvwkh xsshu rqh1 H+ı>P U, @ ⋃ ȷ ▽ E +ı>P U, J_{P U}+ı>ȷ , ∼ ⋃ ȷ ▽ E +ı>U, π+ȷ , π+ı, J_{P U} +ȷ >ı,/ Dwwklv srlqwrqh fdq xvh +F J , wr j hw ⋃ ȷ ▽ E +ı>U, π+ȷ , π+ı, J_{P U}+ȷ >ı, ∼ 4 F ⋃ ȷ ▽ E +ı>U, π+ȷ , π+ı, J_{P U}+ı>ı, @ 4 F υ+ı>P U,Y+ı>P U,> iurp z klfk wkh vwdwhp hqwiroorz v/

F r ur oodu| 715 Li +Lql, krogv iru wkh judsk +Λ>π,/ wkhq wkh iroorz lqj lqhtxdolwlhv duh ydolg1 Wkhuh duh

G^h>F A 3>ρ>A 3 vxfk wkdwiru dooı ▽ Λ dqg q A 3 h+ı>5q, ⪰ G^hh+ı>q,> +SG^4h, h+ı>q, h+ȷ >p , ∼ F^h ) q p [^ρ > +SG^5h, iru ȷ ▽ E+ı>h+ı>q,,>q ∼ p A 3 dqg wkhuh lv dq D^h A 4>vxfk wkdw/ iru dooq A 3>ı ▽ Λ h+ı>D^hq, ∼ 5h+ı>q,/ +SG^6h, S ur r i1 Wkh vwdwhp hqwv duh gluhfwfrqvht xhqfhv ri +S G^H ,/

715 Sur s huwlhv r i 8 E ø

Khuh z h gudz wkh frqfoxvlrq ri wkh suhvhqwvhfwlrq dvvxp lqj +H,/

S ur s r vlwlr q 716 I ru duelwudu| zhljkwhg judskv

41 +H, lp solhv ] H ⌊ dqg H+ı>U, ⇑ I +U,> 51 ixuwkhup ruh li +Lql, krogv/ wkhq +H, ⇓ ⇔ +υ, ⇓ ⇔ +υ^D, ⇓ ⇔ +ξ,/ S ur r i1 Wkh surri lv hylghqwiurp Wkhruhp 614 dqg +H,/

Wkhruhp 717 Li +Lql, dqg +H, krogv iru wkh z hljkwhg judsk +Λ>π,/ wkhq wkhuh lv d ixqfwlrq I vxfk wkdw

+HG^I , krogv ixuwkhup ruh wkhuh duh ϱA 3 dqg f^3 A 3 vxfk wkdw

I +OU, A f^3O_{4. ϱ}I +U, +I . , iru dooO∼ 3>U ∼ 3/ S ur r i1 Wkh �uvwuhodwlrq/ +HG^4I ,>lvgluhfwfrqvht xhqfh ri wkh wlp h grxeolqj 1 Wkh uhodwlrq +HG^5I , iroorz v iurp +HG^4I , hdvlo| 1 Wkh lqht xdolw| +HG^7I , lv lp p hgldwh iurp wkh vwurqj p dunrylw| dqg wuldq0 j xodu lqht xdolw| z lwkrxwwkh xvh ri wkh frqglwlrq +Lql,/ lq idfwlv dovr iroorz v iurp +HG^6I ,1

Wkh surri ri E^I A D^I +lq +HG^6I , , vwduwv z lwk d vshfldofkrlfh ri wkh uhihuhqfh s rlqw1 Z h �{ dq ϱA 3 vp doofrqvwdqw/ z klfk z looeh fkrvhq odwhu/ dvvxp h U ∼ 4 dqg dvvlj q dq ı @ı^{ϱ>U} ▽ Λ wr wkhp vdwlvi| lqj I +6U, . ϱ∼ H+ı>6U,/ Ohwxv ghqrwh e| χ+E, wkh �uvwklwwlqj wlp h ri d vhwE/Ghqrwh σ @ ♭^{Wı >5U} ▽ V+ı>5U, dqg vsolwwkh wudmhfwru| dffruglqj wr W^{ı>5U} dv iroorz v1 H+ı>6U, fdq eh hvwlp dwhg iurp ehorz e| H+ı>5U, . H^ı +H^σ Ŵ^{ı>6U} ⊣ χ+V+ı>U ∗ 4,,‘, . H+LŴ^{ı>6U} A χ+V+ı>U ∗ 4,‘+W^{ı>6U} ∗ χ+V+ı>U ∗ 4,,, ∼ I +5U, . H^ı +H+σ>U,, . H^ı Ĥ^σ +LŴ^{ı>6U} A χ+V+ı>U ∗ 4,‘+W^{ı>6U} ∗ χ+V+ı>U ∗ 4,,,,‘/ Wkh wklug whup frqwdlqv wkh vxe fdvh z khq wkh z don uhdfk V+ı>5U, wkhq uhwxuqv wr V+ı>U ∗ 4,>ohwxv ghqrwh wklv uhwxuq vlwh e| ι @♭^{χ+σ>V+ı>U∗ 4,,} /Xvlqj wklv z h jhw H^ı Ĥ^σ +LŴ^{ı>6U} A χ+V+ı>U ∗ 4,‘+W^{ı>6U} ∗ χ+V+ı>U ∗ 4,,,,‘ @H^ı +S^σ +W^{ı>6U} A χ+V+ı>U ∗ 4,,,H^ι+W^{ι>5U},, ∼ H^ı +S^ι+W^{ı>6U} A χ+V+ı>U ∗ 4,,I +5U,, ∼ p lq^{z ▽ Vı >5U} S^z +W^{ı>6U} A χ+V+ı>U ∗ 4,,,I +5U,/

Wkh suredelolw| lq wkh deryh h{suhvvlrq fdq eh hvwlp dwhg xvlqj wkh hoolswlf Kduqdfn lqht xdolw| +dv lq Sursrvlwlrq 6144, wr j hw/ wkdw

p lq z ▽ V_{ı >5U} S_z +W_{ı>6U} A χ+V+ı>U ∗ 4,,, ∼ f υ+5U>6U, υ+U>6U, ∼ f @=f_I / Li f_I A^{5ϱ}_{I +U,} >l1h1 ϱ⪰^{I +4,fI}_5 wkh vwdwhp hqwiroorz v z lwk D_I @6/ E_I @6.^{f I}_5

Wkh uhodwlrq +I . , iroorz v iurp E_I A D_I lp p hgldwho| 1 I lqdoo| +HG_8I , iroorz v iurp Fruroodu| 614< dqg +H,1

Dwwklv srlqwwkh ht xlydohqfh ri wkh frqglwlrqv lq 41 ri Wkhruhp 515 kdv ehhq suryhg1 Fruroodu| 616 surylgh wkh ht xlydohqfh ri wkh grxeolqj ri wkh fruuhvsrqglqj ixqfwlrqv1I xuwkhup ruh dvvxp lqj / wkdwdq| ri wkhp lvxqlirup lq Λ dqg kdvgrxeolqj surshuw| lwiroorz vwkdwdoowkh rwkhuvduh xqlirup dvz hoowkdqnv wr Wkhruhp 614 dqg Sursrvlwlrq 7161

716 Sur s huwlhv r i wkh vxe0J dxvvldq nhuqho

Dvlwz dvsrlqwhg rxwlq ^86‘ wkh frqyh{lw| ri fhuwdlq ixqfwlrqvsod| vd fhqwudouroh lq wkh surri ri wkh r�0 gldj rqdoxsshuhvwlp dwh1 Wkrxjk z h fdq qrwsuryh h{dfwfrqyh{lw| / wklvvxevhfwlrq z loosurylgh vx! flhqw vhwri surshuwlhv ri wkh vxe0J dxvvldq nhuqhowr surfhhg1

Wkhruhp 718 Li +Lql, dqg +H, krog/ wkhq wkhuh lv d f A 3 vxfk wkdw fn+q>g+ı>ȷ ,, ⪰ n+q>g+ı>℘,, . n+q>g+℘>ȷ ,, . 4/ Wkh qh{wvwdwhp hqwv froohfwvlp soh/ exwxvhixosurshuwlhv ri wkh nhuqhoixqfwlrq n+q>U,/

Ohp p d 719 Lq jhqhudo

41 n+q>U, lv qrq0lqfuhdvlqj lq q dqg qrq0ghfuhdvlqj lq U>

51 iru dq| O▽ Q On+q>U, ⪰ n+Oq>OU, 61 dqg li +HG_4, krogv/ wkhq iru dooU>V▽ Q

I +U . V, ⋆ G_I +I +U, . I +V,, /

S ur r i1 Wkh �uvwwz r vwdwhp hqwv gluhfwfrqvht xhqfhv ri wkh gh�qlwlrq ri n/Ohwxv dvvxp h U ∼ V/ wkhq

I +U . V, ⪰ I +5U,^{+HG 4 I ,}⪰ G_I I +U, ⪰ G_I +I +U, . I +V,,

uhvxowv wkh wklug vwdwhp hqw1

Ohp p d 71: Dvvxp h +s_3, dqg q ∼ U A 3/Li U ∼ p A n+q>U,/ wkhq q p A tI + ⌉ U p { ,/ +7148,

S ur r i1 Wkh vwdwhp hqwlv d gluhfwfrqvht xhqfh ri wkh gh�qlwlrq ri n+q>U,/

Ohp p d 71; Li +HG_I , krogv/ wkhq iru n @n+q>U, n . 4 ∼ f ] I +U, q ⌊ 4_{ω ∗ 4}

/ n . 4 ∼ f^∋ ] U i +q, ⌊ ω_{ω ∗ 4} dqg n ⪰ F ] U^ω q ⌊ 4_{ω ∗ 4} +7149,

S ur r i1 Wkh vwdwhp hqwv duh hdv| frqvht xhqfhv ri +HG_I ,/

S ur s r vlwlr q 71< Dvvxp h +s^3,>+HG^7I ,/Li q ∼ U ∼ 5/ wkhq 4 ⪰ v ⪰ 4 5 n+7q>U, @⇔ q v ⪰ tI ] ⌉ U v {⌊ / S ur r i1 Frqvlghu 3 ⪰ o⋆ v>p ∼ 5 dqg n @p v. o⪰ U1 Exwv ⪰ n∂5 z klfk jlyhv iurp n ⪰ U wkdw v ⪰ U∂5 krogv dv z hoo1 Ohwxv vwduwz lwk wkh iroorz lqj hohp hqwdu| lqht xdolwlhv1 q v ⪰ p q n ∗ o ⪰ p 5 7q n / +714: ,

Rq wkh rwkhu kdqg rqh j hwv ⌉ U v { ∼ U ∗ v v A U∂5 v @p U∂5 n ∗ o A p 5 U n ∼ p 5 ⌉ U n { / I ru lqwhjhuv p > O A 3> I +p O, ∼ p I +O, fdq eh vhhq iurp uhs hdwhg dssolfdwlrq ri +HG^7I ,1 Li n @n+7q>U,>wkhq tI ]⌉ U v {⌊ ∼ p tI ] ⌉ U∂5 n {⌊ ∼ p 5 7q n +7/4: , ∼ q v /

S ur s r vlwlr q 7143 Li +s^3, dqg +HG^I , krog/ wkhq wkhuh lv d F^t A 3 vxfk wkdwiru dooq>p >U>V∼ 4 4 5 n+F^t +q . p , >U . V, ⪰ n+q>U, . n+p >V, . 4 S ur r i1 Ghqrwh d @n+q>U,>e @n+p >V, I + ⌉ U . V d . e. 4 { , ⪰ I ] ⌉ U d . e. 4 { . ⌉ V d . e. 4 { . 5 ⌊

⪰ G^I ] I + ⌉ U d . e. 4 { , . I + ⌉ V d . e. 4 { , . I +5, ⌊

⋆ 4 t G^I ] q d . e. 4 . p d . e. 4

. I +5, ⌊ / Ohwxv uhfdoowkdw

I +5, ⪰ G^I I +4, @ G^I F^I 4∗ S +ı>ı, ⪰ G^I F^I p d–^{ȷ ∃@ı>ȷ ⊃ ı} 4 s^{ıȷ} ⋆ G^I F^I s^3

@=F_∋/

Xvlqj d ⪰ q>e ⪰ p lwiroorz v wkdw I + ⌉ U . V d . e. 4 { , ⋆ 4 t } F_∋+q . p , d . e. 4 ⟨ / Wklv p hdqv/ xvlqj Sursrvlwlrq 71</ wkdwd . e. 4 A_4^5n+7F_∋+q . p ,>U . V,1

S ur s r vlwlr q 7144 Li +s^3, dqg +HG^I , krog/ wkhq wkhuh lv d F^n A 4 vxfk wkdw 4 5 n+F^nq>g+ı>ȷ ,, ⪰ n+q>g+ı>℘,, . n+q>g+℘>ȷ ,, . 4/ S ur r i1 Wkh vwdwhp hqwlv lp p hgldwh iurp Sursrvlwlrq 7143 dqg wkh wuldqjxodu lqht xdolw| 1

Z h �qlvk wkh vwxg| ri wkhvxe0J dxvvldq nhuqhoz lwk vrp h revhuydwlrqv/ z klfk duh xvlqj gluhfwo| +I . ,> frqvht xhqfh ri +HG^6I ,1

4:

S ur s r vlwlr q 7145 Li +I . , krogv/ wkhq wkhuh duh ϱA 3>F A 4>vxfk wkdwiru dooq>U ▽ Q n+q>U, ⪰ F ] I +U, q ⌊ 4_ϱ / +714; ,

S ur r i1 Xvlqj wkh gh�qlwlrq ri n @n+q>U, dqg +I . , rqh kdv q n ⪰ tI + ⌉ U n { , ⪰ tF n^{∗ 4∗ ϱ}I ] n ⌉ U n {⌊ ⪰ tF n^{∗ 4∗ ϱ}I +U, > z klfk uhvxowv n^ϱ⪰ tF I +U, q /

S ur s r vlwlr q 7146 Li +I . , krog/ wkhq iru dooffl{hg D ∼ 4 wkhuh lv d f A 3 vxfk wkdwiru dooq>U ∼ 4 n+Dq>U, ∼ fn+q>U,> dqg n+q>U, . 4 ∼ fn+ 4 D q>U,/ S ur r i1 Wkh vwdwhp hqwiroorz v iurp +I . ,1 S ur r i r i Wkhr uhp 7181 Wkh vwdwhp hqwiroorz v iurp Surs rvlwlrq 7144 dqg Sursrvlwlrq 71461

8 Wdlor i wkh h{lwwlp h

Wklv vhfwlrq frqwdlqv rqh ri wkh nh| hohp hqwv ri wkh surri/ wkh vkruwwlp h vxe0J dxvvldq hvwlp dwh1 Wkh lghd jrhv edfn wr ^7‘/ d qhz surri z dv j lyhq lq ^59‘1 Khuh z h suhihu wkh rulj lqdodujxp hqwv lq rughu wr j lyh d p ruh wudqvsduhqwsurri/ vkrz lqj wkh uroh ri wkh vxe0J dxvvldq nhuqho1

Wkhruhp 814 Dvvxp h wkdwwkh judsk +Λ>π, srvvhvvhvwkh surshuw| +H,1 Wkhq/ irudooı ▽ Λ / q ∼ U ∼ 4/ z h kdyh

S_ı +W_{ı>U} ⪰ q, ⪰ h–s +∗ f_4n, > +Ofi ,

iru dq| srvlwlyh lqwhjhu n @n+ı>q>U, ⪰ U vdwlvi| lqj wkh lqhtxdolw| +lwhu,/Khuh f_4 A 3 lv vx! flhqwo| vp doofrqvwdqwghshqglqj rqo| rq wkh frqvwdqwF iurp +H,

Z h vwduwz lwk wkh qh{wohp p d

Ohp p d 815 +^7‘, OhwW>χ_4>χ_5>///>χ_p eh qrq0qhjdwlyh udqgrp yduldeohvvxfk wkdwW∼ ⋃_p n@4 χ_l/ Dvvxp h dovr wkdw/ iru vrp h d ▽ +3>4, dqg e A 3/ dqg iru doon @4>5>///>p dqg w∼ 3/ S+χ_n ⪰ w⇕ϕ+χ_4>///χ_{n∗ 4},, ⪰ d . ew/ +814, Wkhq/ iru doow∼ 3/ S+W⪰ w, ⪰ h–s ] 5 ] ewp d ⌊_{4∂5}

∗ p orj 4 d ⌊ / +815,

Wkh iroorz lqj ohp p d z lookhos wr hqvxuh +814, lq rxu frqwh{w+f1i1 ^7/ Ohp d 716‘,1

Ohp p d 816 I ru dooD ≫ Λ>ı ▽ D/ dqg w∼ 3/ z h kdyh S_ı +W_D ⋆ w, ⪰ 4∗ H_ı +D, 5H+D, . w H+D, / +816,

4;

S ur r i1 Ghqrwh q @⌉w{ dqg revhuyh wkdw W^D ⪰ 5w. 4^{⟩ WD Aw|} W^D ≡λ^q z khuh λ^q lv wkh wlp h vkliwrshudwru1 Vlqfh ⟩ W^D A w| @ ⟩W^D A q| / z h rewdlq/ e| wkh vwurqj P dunry surshuw| /

H^ı +W^D, ⪰ 5w. H^ı ] 4^{⟩ WD Aw|} H^{♭ q} +W^D, ⌊ ⪰ 5w. S^ı +W^D A w, 5H+D,/ Dsso| lqj wkh gh�qlwlrq H^ı +D, @H^ı +W^D,/ z h rewdlq +816,1

S ur r i r i Wkhr uhp 8141 Ohwxv ghqrwh u @⌉_U^p { dqg gh�qh d vhulhv ri h{lwwlp hv uhfxuvlyho| χ^4 @W^{ı>u} > χ^{n. 4} @W^{ȷ n >u} > z khuh ȷ^n @♭^{χn} / iru n @4>///>p /

Vlqfh g+♭^{χn . 4} >♭^{χn} , ⋆ u dqg p u ⪰ U/ z h vhh wkdwg+♭^q >ı, ⋆ U iru dooq ⪰ ⋃^p n@4 χ^n1 Wkhuhiruh/ z h rewdlq W^{ı>U} ∼ p⋃ n@4 χ^n / +817,

Ohp p d 816 fdq eh dssolhg wr D @E+♭^{χn} >u,/ z h kdyh S+χ^n ⪰ w⇕ϕ+χ^4>///χ^{n∗ 4},, ⪰ d . eq> +818, z khuh d @vxs^ȷ ] 4∗ H+ȷ >u, 5H+ȷ >u, ⌊ ▽^ 4 5 >4∗ ϱ‘ dqg e @ 4 5lqi^ȷ H+ȷ >u, ⪰ 4 5lqi^ȷ H+ȷ >u, / +819,

Kdylqj +817, dqg +818,/ z h dsso| Ohp p d 815 z klfk | lhogv S^ı+W^{ı>U} ⪰ q, ⪰ h–s ] 5 ] eqp d ⌊^{4∂5}

∗ p orj 4 d ⌊ / Uhz ulwlqj wkh lqht xdolw| +lwhu, lq wkh irup q ⪰ f^5p p lq^{ȷ ▽ E +ı>U,} H+ȷ >u, dqg frp elqlqj lwz lwk +819,/ z h rewdlq eq ⪰_4^5f^5p 1 Li f^5 A 3 lv vx! flhqwo| vp doo+vd| f^5 @_4^{49} orj_{5 4}^{4∗ ϱ}, wkhq/ wrj hwkhu z lwk 4∂5 ⪰ d ⪰ 4∗ ϱ/ wklv lp solhv 5 ] eqp d ⌊^{4∂5}

∗ p orj 4 d ⪰ ∗ f^4p > +z khuh f^4 @_4^5 orj_4^{4∗ ϱ},/ z klfk �qlvkhv wkh surri ri +Ofi ,1

Wklv suryhv 71 lq Wkhruhp 5141 Wkh qh{wFruroodu| lv lp p hgldwh frqvht xhqfh ri Wkhruhp 814/ vlqfh z h kdyh vhhq lq Sursrvlwlrq 716 wkdw+H, lp solhv +H,/

F r ur oodu| 817 Dvvxp h wkdwwkh judsk +Λ>π, srvvhvvhvwkh surshuw| +H,1Wkhq/ irudooı ▽ Λ / q ∼ U ∼ 4/ z h kdyh

S^ı +W^{ı>U} ⪰ q, ⪰ h–s +∗ f^fi n, > +fi , iru dq| srvlwlyh lqwhjhu n @n+q>U, ⪰ U vdwlvi| lqj wkh lqhtxdolw| +=n,1 Khuh f^fi A 3 lv vx! flhqwo| vp doo frqvwdqwghshqglqj rqo| rq wkh frqvwdqwv iurp +H, dqg +H,1

4<

9 Wkh gldj r qdohvwlp dwhv

Lq wklvvhfwlrq z h suryh orfdogldj rqdohvwlp dwhvri Wkhruhp 514 edvhg rq wkh sduderolf yroxp h dqg wlp h grxeolqj 1 Wkhruhp 914 Li +Lql, krogv/ wkhq wkhuh duh f_l>F_mA 3 vxfk wkdw S_q +ı>ı, ⪰ F_4 π+ı, Y+ı>h+ı>q,, ¿ +OGXH,

S_q +ı>ȷ , ⪰ F_5 π+ȷ , +Y+ı>h+ı>q,,Y+ȷ >h+ȷ >q,,,^{4∂5} ¿ +OSXH, dqg li q ⪰ f_6H+ı>U,>D @E+ı>U,>wkhq S_{5q} +ı>ı, ∼ S^D_q +ı>ı, ∼ F_7 π+ı, Y+ı>h+ı>q,, / +OGOH, Ohwxvgh�qhwkhξ∗ uhvroyhqwdqg uhfdoowkhorfdoJ uhhq ixqfwlrq dviroorz v+djdlq ghqrwhD @E+ı>U,,

J_ξ+ı>ı, @ △⋃ n@3 h^{∗ ξn}S_n+ı>ı, dqg J^D+ı>ı, @ △⋃ n@3 S^D_n +ı>ȷ ,/ Ohp p d 915 Li ξ^{∗ 4} @q/ wkhq S_{5q} +ı>ı, ⪰ fξJ_ξ +ı>ı,/ S ur r i1 Wkh surri lv hohp hqwdu| 1 +f1i1 ^5: ‘ ru ^84‘, Ohp p d 916 Li +H, krogv/ wkhq J_ξ +ı>ı, ⪰ FJ^U+ı>ı,/ S ur r i1 Wkh surri fdq eh wdnhq iurp ^5:‘ ru ^84‘1 S ur r i r i Wkhr uhp 9141 Ohwxv uhfdoowkdw+H, iroorz v iurp wkh frqglwlrqv e| Wkhruhp 6151 Frp 0 elqlqj wkh suhylrxv ohp p dv z lwk ξ^{∗ 4} @q @^4_5 H+ı>U, rqh kdv S_{5q} +ı>ı,^{Ohp p d 915}⪰ F ξJ_ξ+ı>ı,^{Ohp p d 916}⪰ FH+ı>U,^{∗ 4}J^U+ı>ı,/ Qrz ohwxv uhfdooiurp Uhp dun 515 / wkdwJ^U+ı>ı, @π+ı,υ+ı>U,1 Khuh dqg rqo| khuh z h xvh +VU, dqg +K, wr eh deoh wr xvh +6/44, iurp Sursrvlwlrq 6148 wr surfhhg π+ı,υ+ı>U, ⪰ Fπ+ı, ξ+ı>U,Y+ı>U, +ξH, ⪰ F π+ı,H+ı>U, Y+ı>U, >

S_{5q} +ı>ı, ⪰ Fπ+ı,H H+ı>U,Y+ı>U, +H, ⪰ F π+ı, Y+ı>U, ⪰ F π+ı, Y+ı>h+ı>q,, / I urp wklvlwlvhylghqwwkdwS_{5q. 4}+ı>ı, ⪰ F π+ı, Y+ı>h+ı>5q . 4,,^{∗ 4} dqg z lwk Fdxfk| 0Vfkz duw} dqg wkh vwdqgdug duj xp hqw+f1i1 ^47‘, rqh kdv +OSXH,/

Wkh +GOH, iroorz v iurp wkh qh{wvlp soh revhuydwlrq

S ur s r vlwlr q 917 I ru dq| udqgrp zdon rq +Λ>π, dqg iru dq| D ≫ Λ>z ▽ D li H+D, ⪰ f^3H^z +D,> wkhq iru q @_4^5H^z +D, S_D^{5q} +z >z , ∼ fπ+z , π+D, / S ur r i1 Ohwxv vwduw iurp wkh frqglwlrq xvlqj Ohp p d 8161 Lwiroorz v wkdwli q @_4^5H^z +D,/ wkhq S^z +W^U A q, A H^z +D, ∗ q H+D, @ 4 5f^3 @f A 3 f_5 ⪰ S^z +W^U A q,_5 ⪰ ] h_±^z S_D^q 4

⌊^5 ⪰ ⋃ ȷ ▽ D S_D^q +z >ȷ , π+ȷ , π+ȷ , ⟨ 5 ⪰ ⋃ ȷ ▽ D π+ȷ , ⟨ ⋃ ȷ ▽ D S_D^q +z >ȷ ,_5 π+ȷ , ⟨

@π+D, ⋃ ȷ ▽ D S_D^q +z >ȷ , S_D^q +ȷ >z , π+z , ⟨ ⪰ 4 π+z , π+D,S_D^{5q} +z >z ,> z klfk z dv wr eh vkrz q1

Lq wkh srvvhvvlrq ri wkh deryh surs rvlwlrq wkh orz hugldj rqdohvwlp dwh lvd vlp soh frqvht xhqfh ri +H,1

S ur s r vlwlr q 918 Li +H, krogv rq +Λ>π,/ wkhq S^{5q} +ı>ı, ∼ f^4 π+ı, Y+ı>h+ı>5q,, +914, ru dowhuqdwlyho| li zh dvvxp h +Lql,/ wkhq S^{5q} +ı>ı, ∼ f^5 π+ı, Y+ı>h+ı>q,, / +915,

S ur r i r i S ur s r vlwlr q 9181 Z h fdq dsso| S_D ⪰ S dqg Sursrvlwlrq 917 iruD @E+ı>U,>wr j hw+9/4,1

Wkh uhodwlrq +9/5, iroorz v e| z @ı dqg kdylqj +H, wkdqnv wr Wkhruhp 615 ixuwkhup ruh iurp yroxp h grxeolqj dqg wkh frqvht xhqfhv ri wkh wlp h grxeolqj wr h+ı>q,/

: Rffi0gldj r qdohvwlp dwhv

Lq wklv vhfwlrq z h z loodvvxp h wkdwwlp h grxeolqj frqglwlrq krogv lq frqmxqfwlrq z lwk +H,1 Wkh qh{w fruroodu| lv lp p hgldwh iurp Wkhruhp 9141

F r ur oodu| : 14 Li +Lql, dqg +H, krog/ wkhq S^q +ı>ı, ⪰ F π+ı, Y+ı>i +q,, ¿ +GXH,

S^q +ı>ȷ , ⪰ F π+ȷ , +Y+ı>i +q,,Y+ȷ >i +q,,,_{4∂5} ¿ +SXH, dqg li q ⪰ fH+ı>U,>D @E+ı>U,>wkhq S^{5q} +ı>ı, ∼ S_D^q +ı>ı, ∼ F π+ı, Y+ı>i +q,, / +GOH,

: 14 Xs s hu hvwlp dwh

Wkhruhp : 15 +Lql, . +H, @⇔ +XH_I ,

I ru wkh surri z h xvh wkh lghd ri +f1i1 ^56‘, rq d j hqhudolqht xdolw| 1 Ohp p d : 16 Li zh dvvxp h +Lql, dqg +H,/ wkhq wkhuh lv d F A 3 vxfk wkdw S_q +ı>ȷ , ⪰ F +H_G +ı>q,H_G +ȷ >q,,^{4∂5} h–s ∗ f G n+q>g+ı>ȷ ,,> z khuh G A 4 dqg H_G +z >q, @ ⋃ ℘▽ Λ s+z >℘,^5 π+℘, h–s 4 G n+q>g+z >℘,,/ S ur r i1 OhwxvuhfdooWkhruhp 718 dqg xvh Mhqvhq dqg Vfkz duw} lqht xdolwlhv1+I ruwkh whfkqlfdoghwdlov vhh wkh Dsshqgl{1,

Wkh qh{wvwhs wrz dugv wkh surri ri +XH_I , lv wr jhwdq xss hu erxqg iru H_G +z >q,/ Ohp p d : 17 Wkhuh lv d F A 3 vxfk wkdwiru dooz ▽ Λ>q ▽ Q wkh frqglwlrqv +Lql, dqg +H, lp so| H_G +z >q, ⪰ F Y+z >i +q,, / S ur r i1 Ohwxvvsolwwkh vxp ri H_G 1 Li g+z >℘, ⋆ i +q,/ wkhq xvh wulyldohvwlp dwh/ li g+z >℘, ∼ i +q, xvh +GXH,>+S XH, dqg +fi ,/+I ru wkh whfkqlfdoghwdlov vhh wkh Dsshqgl{1,

S ur r i r i Wkhruhp : 151 Qrz z h froohfwrxu �qglqj v1 Lwlv hylghqwwkdw+H, lp solhv +H, dqg e| Wkhruhp 814 +H, lp solhv +fi ,/ Rq wkh rwkhu kdqg +SXH, lv j lyhq e| Wkhruhp 914 frqvht xhqwo| z h fdq dsso| Ohp p d : 17 lq Ohp p d : 161 Wkh �qdo vwhs lv vwdqgdug wr uhsodfh Y+ȷ >i +q,,^{∗ 4∂5} z lwk Y+ı>i +q,,^{∗ 4}5 F_ϱh^{5ϱG H n+q>g+ı>ȷ ,,} dqg fkrrvlqj ϱvp doohqrxjk1 Wkh idfwru 5ϱG_H n+q>g+ı>ȷ ,, fdq eh de0 vruehg lq wkh h{srqhqwri wkh h{lwwlp h hvwlp dwh dv lq ^47‘1

: 15 Orz hu hvwlp dwh

Lq wklvvxevhfwlrq z h ghulyh +OH_I ,/Wkh nh| ri wkh surri lvwkh qhdugldj rqdoorz huhvwlp dwh +QOH, z klfk lv jlyhq lq Sursrvlwlrq : 1< dqg : 1441 Wkhruhp : 18 Wkh iroorzlqj lp solfdwlrqv krog +s_3, . +YG, . +HG_I , . +QOH, @⇔ +OH_I , dqg +Lql, . +H, @⇔ +OH_I ,/ Lq wkh ghyhorsp hqwri wkh orz hu hvwlp dwh z h gr qrwqhhg xqlirup lw| ri wkh p hdq h{lwwlp h wloowkh yhu| odvwvwhs1 Ghfflqlwlrq : 14 I ru d ixqfwlrq x_q +ı, rq Q⋄ Y z h ghfflqh wkh wlp h ghulydwlyh dv C_q x @x_{q. 5} ∗ x_q / Ghfflqlwlrq : 15 I ru dq| vhwX dqg d ixqfwlrq x rq X/ ghqrwh rvf_X x =@p d–_X x ∗ p lq_X x/ Wkh qh{wwz r surs rvlwlrqv duh wdnhq iurp ^59‘ z lwkrxwdq| fkdqjh dqg khqfh z h rp lwwkhlu surri1

S ur s r vlwlr q : 19 ^59/ Sursrvlwlrq 4415‘,Dvvxp h wkdwwkh hoolswlf Kduqdfn lqhtxdolw| +K, krogvrq +Λ>π,1

Ohwx ▽ f^3+E+ı>U,, vdwlvi| lq E+ı>U, wkh htxdwlrq Ξ^{E +ı>U,} x @ i 1 Wkhq iru dq| ϱA 3/ wkhuh h{lvwv ϕ @ϕ+ϱ>K, ⋆ 4 vxfk wkdwiru dq| srvlwlyh u ⋆ U/ rvf E +ı>ϕu, x ⪰ 5 ] H+ı>u, . ϱH+ı>U, ⌊ p d–⇕i ⇕/ +:14,

S ur s r vlwlr q : 1: +^59/ Sursrvlwlrq 4514 dqg 4515‘,I ru dooD ≫ Λ>ı>ȷ ▽ Λ>q ▽ Q \ C^q s_D+ı>ȷ , \ ⪰ Fq_{∗ 4} ] s_D^q +ı>ı,s_D^q +ȷ >ȷ , ⌊^{4∂5} / +:15,

F r ur oodu| : 1; Li +YG, dqg +OGXH, krog/ wkhq wkhuh duh F A 4>f A 3 vxfk wkdwiru dooı>ȷ ▽ Λ>q ▽ Q/ g+ı>ȷ , ⪰ fh+ı>q, \ \Cq S_{E +ı>U,} +ı>ȷ , \ \⪰ F π+ȷ , qY+ı>h+ı>q,, / +:16,

S ur r i1 Wkh surri lv hylghqwiurp wkh dvvxp swlrqv/ +: 15, dqg +YG,/

I urp wkhvh sursrvlwlrqv wkh qh{worfdosduwlfxodu orz hu hvwlp dwh iroorz v dj dlq dv lq ^59/ Surs rvlwlrq

4614‘1

S ur s r vlwlr q : 1< Dvvxp h +s^3,/ wkhq iurp +OGXH,>+OGOH,>+H, dqg +K, lwiroorz v wkdwwkhuh duh η>f>F A 3 vxfk wkdwiru dooı>ȷ ▽ Λ>q ▽ Q>U ∼ Fh+ı>q, S_{E +ı>U,} q +ı>ȷ , . S_{E +ı>U,}^{q. 4} +ı>ȷ , ∼ f π+ȷ , Y+ı>h+ı>q,, +OSOH, surylghg wkdwg+ı>ȷ , ⪰ ηh+ı>q,/ S ur r i1 Wkh surri forvho| iroorz v wkh surri jlyhq lq ^59/ Sursrvlwlrq 4614‘1 +I ru wkh whfkqlfdoghwdlov vhh wkh Dsshqgl{1,

Sursrvlwlrq :1< lp p hgldwho| lp so| wkh qhdu gldj rqdoorz hu hvwlp dwh1

S ur s r vlwlr q : 143 Dvvxp h +Lql,/ wkhq wkhuh duh η>f A 3 iru zklfk dooı>ȷ ▽ Λ>q ▽ Q [S^q +ı>ȷ , @S^q +ı>ȷ , . S^{q. 4}+ı>ȷ , ∼ f π+ȷ , Y+ı>h+ı>q,, > +OQOH, surylghg wkdwg+ı>ȷ , ⪰ ηh+ı>q,/ Wkh qh{wsursrvlwlrq hp ehgv wkh deryh vwdwhp hqwlq rxu fkdlq ri surriv1

S ur s r vlwlr q : 144 I ru z hljkwhg judskv +Lql, @⇔ +OQOH, dqg li +Lql, . +H, krog/ wkhq iru g+ı>ȷ , ⪰ ηi +q, S_{E +ı>U,} q +ı>ȷ , . S_{E +ı>U,}^{q. 4} +ı>ȷ , ∼ f π+ȷ , Y+ı>i +q,, > +SOH, ixuwkhup ruh [S^q +ı>ȷ , @S^q +ı>ȷ , . S^{q. 4}+ı>ȷ , ∼ f π+ȷ , Y+ı>i +q,, / +QOH,

S ur r i1 Wkh �uvwvwdwhp hqwlvlp p hgldwh iurp Wkhruhp 914 dqg Sursrvlwlrq : 143 dqg wkh uhvwiroorz v lp srvlqj wkh h{wud uhvwulfwlrq wr +OS OH, dqg +OQOH,1

S ur r i r i Wkhr uhp : 181 I luvwohwxvsrlqwrxwwkdwwkh vhfrqg lp solfdwlrq lvwkh gluhfwfrqvht xhqfh ri wkh �uvwrqh dqg Sursrvlwlrq : 1441 Xvlqj +SOH, dqg Durqvrq*v ^4‘ vwdqgdug fkdlqlqj duj xp hqwwkh orz huhvwlp dwh +OH^I , fdq eh hdvlo| vhhq1Lwlvh{kdxvwlyho| hoderudwhg iruwkh uhj xoduyroxp h j urz wk fdvh lq ^59/ Sursrvlwlrq 4615‘1 +Vhh ^49/ Wkhruhp 61; orz hu erxqg‘ xqghu wkh yroxp h grxeolqj frqglwlrq dqg wkh Dsshqgl{ iru wkh whfkqlfdoghwdlov1,

; Wkh s duder olf Kduqdfn lqht xdolw|

Lq wklv vhfwlrq z h vkrz wkh 5/@⇔ 6/lp solfdwlrq ri Wkhruhp 5151

Wkhruhp ; 14 Dvvxp h +s_3,/ wkhq

+XH_I , . +OH_I , . +HG_I , @⇔ +S K_I ,/ Wkh surri frqvlvwv ri d ihz lqwhup hgldwh vwhsv1

S ur s r vlwlr q ; 15 Dvvxp h +s_3, dqg t ⋆ 4∂49 wkhq

+HG_I , . +OH_I , @⇔ +YG,/

S ur r i1 Wkh +OH_I , gluhfwo| surylghv wkh iroorz lqj lqht xdolw| 4 ∼ 4 5 ⋃ ȷ ▽ E +ı>e, [S_d+ı>ȷ , ∼ ⋃ ȷ ▽ E +ı>e, fπ+ȷ , Y+ı>i +d,, h–s +∗ F n+d>e,, @ fY+ı>e, Y+ı>i +d,, h–s ∗ F n+d>e,/ +;14,

Ohwxv �{ d @I +U,>e @5U1 Xvlqj wklv dvvxp swlrqv +; 14, kdv wkh irup ri 4 ∼ fY+ı>5U, Y+ı>U, h–s ∗ F n+I +U,>5U,/ Dsso| lqj Sursrvlwlrq 7145 lwiroorz v wkdwn ⋆ F dqg khqfh wkh vwdwhp hqw1

Lq rughuwr vkrz +S K_I , z hqhhg wkhxsshudqg orz huhvwlp dwhri wkhvroxwlrq ri wkhsduderolf ht xdwlrq1 Wklvvkrxog eh edvhg rq wkh z kroh nqrz ohgjh ri +HG_I , dqg wkh vxe0J dxvvldq hvwlp dwhv1+OH_I , surylghv hvwlp dwhv ri S exwqrwri S^{E +ı>U,}q /Ghqrwh djdlq D @ E+ı>U,1I roorz lqj wkh lghd ri ^49/ Ohp p d 61< dqg Wkhruhp 6143‘ ohwxv xvh S^D_q +/>ȷ , @S^{E +ı>U,}q +/>ȷ , dv wkh vroxwlrq rq X dv lq +KS_I , z lwk erxqgdu| frqglwlrqv

S^D_3 +z >ȷ , @η+z >ȷ , S^D_n +z >ȷ , @3 li z ▽ Λ ∐E+ı>U,> z khuh z ▽ E+ı>ϱU,>ȷ ▽ E+ı>ϱNU, dqg ϱA 3>N A 4>ϱN ⋆ 4/Lwlv fohdu wkdwS^D ⪰ S vr wkh orz hu hvwlp dwh vkrxog eh j lyhq1 Ohp p d ; 16 I urp +HG_I ,>+XH_I , dqg +OH_I , lwiroorz v wkdwiru d ffl{hg 5 ⪰ N ⪰^4_{7t} ∗ 4 wkhuh lv dq ϱ> 4∂N A ϱA 3 vxfk wkdwiru dooı ▽ Λ>U A 4

[S^D_q +z >ȷ , @S^D_q +z >ȷ , . S^D_{q. 4}+z >ȷ , ∼ fπ+ȷ , Y+z >NϱU, > +SOH, li I +ϱU, ⪰ q ⪰ I +NϱU,>z ▽ E+ı>ϱU,>ȷ ▽ E+ı>NϱU,>g+z >ȷ , ⪰ q/ S ur r i1I ruwkhsurri vhh^49/ Ohp p d 61<dqg Wkhruhp 6143‘dqg iruwkhwhfkqlfdoghwdlovwkhDsshqgl{1

S ur r i r i Wkhruhp ; 141 Wkh surri jhqhudol}dwlrq ri wkh surri ghyhorshg lq ^49/ Wkhruhp 6143‘1 Lw xvhv uhj xodulw| surshuwlhv ri I dqg n surylghg e| Wkhruhp 717 dqg Ohp p d 71; dqg Sursrvlwlrq 7/45/+ I ru wkh whfkqlfdoghwdlov vhh wkh Dss hqgl{1,

; 14 Ehkdylr u r i wkh I 0s duder olf Kduqdfn lqht xdolw|

Lwlvvwdqgdug wkdwli wkh U_5∗ sduderolf Kduqdfn lqht xdolw| lvwuxh irud j lyhq sur�oh F @⟩ f^4>f^5>f^6>f^7>κ| / wkhq lwlv wuxh iru doosur�ohv1 Wklv iroorz v hdvlo| iurp wkh fryhulqj sulqflsoh1 Wkh fryhulqj sulqflsoh krogv rq dq| frqqhfwhg j udskv +z lwk +s^3, , kdylqj wkh yroxp h grxeolqj surshuw| 1 Wkh rqo| wdvn lv wr vkrz wkdwwkh whvwedoofdq eh ht xlss hg z lwk d surshup hwulf dqg p hdvxuh iruz klfk wkh yroxp h grxeolqj lvvwloowuxh1 Wklvlvvwudlj kwiruz dug iruU_ϵ dqg iroorz vhdvlo| iruI +U, vdwlvi| lqj +HG^I , dvz hoo1Ghqrwh i +q, wkh lqyhuvh ri I +U,1 Wkh frqvwuxfwlrq z runv rq X @v̂^3>v^3 . I +U,‘⋄ E+ı>U,/Lwlv fohdu wkdwwkh er{0p hwulf rq wkh gluhfwsurgxfw υ++v>ȷ , >+w>℘,, @ 4 5 +g+ȷ >℘, . ⇕i +v∗ v^3, ∗ i +w∗ v^3,⇕, lvvxlwdeoh irurxusxusrvhv1Wkh p hwulf edoovduh X_∋ @v̂^3 . v>v^3 . v. I +u,‘⋄ E+ȷ >u, ri udglxvu fhqwhuhg dw+ȷ >v,/Wkh p hdvxuh lv lqgxfhg e| π>π++ȷ >v,, @π+ȷ ,/ π+X_∋, @Y+ȷ >u,I +u, dqg lwkdv yroxp h grxeolqj surshuw| rq wkh p hwulf edoov wkdqnv wr wkh grxeolqj surshuw| ri wkh rulj lqdo yroxp h dqg +HG^4I ,/Frqvht xhqwo| / wklv vhwxs hqvxuhv wkdwwkh fryhulqj sulqflsoh z runv rq X dqg frq0 vht xhqwo| wkh vwdqgdug duj xp hqwfdq eh dssolhg wr vkrz wkdw+S K^I , krogvirudoosur�ohv/ surylghg wkdw lwkrogv iru d j lyhq rqh1

< F r qvht xhqfhv r i wkh s duder olf Kduqdfn lqht xdolw|

Wr forvh wkh orrs ri wkh lp solfdwlrqv lq Wkhruhp 5151 z h z loovkrz wkh iroorz lqj wkhruhp 1

Wkhruhp <14 Dvvxp h +s^3,/ wkhq

+HG^I , . +SK^I , @⇔ +YG, . +K, . +υ^D,/

Wklv z looiroorz iurp wkh qh{wsursrvlwlrq1

S ur s r vlwlr q <15 Dvvxp h +s^3,/ wkhq +HG^I , . +SK^I , @⇔ +GXH,>+SOH,>+QOH,/ S ur r i ri S ur s r vlwlr q <151 Wkh surri lv edvh rq ^49/ Surs rvlwlrq 614‘1 Lwxvhv wkh uhj xodulw| surshuwlhv ri I /+I ru wkh whfkqlfdoghwdlov vhh wkh Dsshqgl{1,

S ur s r vlwlr q <16 Dvvxp h +s^3,/ wkhq

+HG^I , . +S K^I , @⇔ +YG,/

S ur r i1 Wkh yroxp h grxeolqj lv dq hdv| frqvht xhqfh ri +GXH, dqg +GOH, iru q @ H+ı>U,> p @H+ı>5U, f π+ı, Y+ı>i +q,, ⪰ [S^q +ı>ı,_{+S K I ,}⪰ 5F^K [S^p +ı>ı, ⪰ F π+ı, Y+ı>i +p ,, / +<14,

Wkh �uvwvwhs wrz dugv wkh hvwlp dwhv ri υ lv wr suhvhqwwkh xsshu hvwlp dwh iru ξ_{∗ 4}/

S ur s r vlwlr q <17 Li +s^3,>+GXH,>+YG, dqg +HG^I , krog/ wkhq ξ+ı>U, ∼ fI_{∗ 4}+U,/

S ur r i1 Wkh surri xvhv wkh lghd ri ^47/ Wkhruhp 817‘1 Dvvxp h wkdwF_4 A 4>q @I +F_4U,> ȷ >℘ ▽ E+ı>U,1 Dwwkh hqg ri wkh surri ri Wkhruhp 914 z h kdyh vhhq wkdw+GXH, lp solhv xss hu hvwlp dwh ri S_q +ȷ >℘, z klfk lv lq rxu fdvh S_q +ȷ >℘, ⪰ F π+℘, +Y+ȷ >i +q,,Y+℘>i +q,,,^{4∂5} / I ru z @ȷ ru ℘ g+ı>z , ⪰ U ⋆ F_4U @i +q, dqg wkdqnv wr +YG, Y+ı>F_4U, Y+z >F_4U, ⪰ F_Y > z klfk uhvxowv S_q +ȷ >℘, ⪰ F π+℘, Y+ı>i +q,, / Li ω lv wkh ohiwhlj hqyhfwru+p hdvxuh, ehorqj lqj wr wkh vp doohvwhlj hqydoxh ξ ri L∗ S^{E +ı>U,} qrup dol}hg wr +ω 4, @4/ wkhq

+4∗ ξ,^q @ω S^{E +ı>U,}_q 4 @ ⋃ ȷ >℘▽ E +ı>U, ω +℘,S_q +℘>ȷ , ⪰ ⋃ ȷ >℘▽ E +ı>U, Fπ+℘, p lq_{ȷ ▽ E +ı>U,} Y+ȷ >i +q,, ⪰ F_Y Y+ı>U, Y+ı>i +q,, @F_Y Y+ı>U, Y+ı>F_4U, ⪰ 5^{∗ n∗ 4}5^{or j 5 F y} ⋆ 4 5 > li F_4 @ } D^{n. 4}_Y ⟨ z khuh n @}orj_5 F_Y ⟨⌊ 4 1 Xvlqj wkh lqht xdolw| dqg 4∗ σ ∼^4_5 orj^4_σ iru σ ▽ ^^4_5 >4‘ z khuh σ @4∗ ξ+ı>U, rqh kdv ξ+ı>U, ∼ orj 5 5q ∼ fI +DU,^{∗ 4 +HG 4 I ,}A fI +U,^{∗ 4}/

F r ur oodu| <18 Li +s_3,>+HG_I ,/ dqg +S K_I , krog/ wkhq υ+ı>U>5U, ⪰ F I +U, Y+ı>U, / S ur r i1 Sursrvlwlrq 6148 j lyhv υ+ı>U>5U, ⪰ 4 ξ+ı>5U,Y+ı>U, > z klfk frqfoxgh wr wkh vwdwhp hqwwrj hwkhu z lwk Sursrvlwlrq <171

Wkh orz hu hvwlp dwh ri υ lv t xlwh vlp soh lq wkh srvvhvvlrq ri +S OH,/ S ur s r vlwlr q <19 Li +S OH, krogv/ wkhq H+ı>5U, ∼ fI +U,/ S ur r i1 Z h dvvxp hg wkdwiru dooı ▽ Λ>U A 4>D @E+ı>5U, [S^D_q +ı>ȷ , @S^D_q +ı>ȷ , . S^D_{q. 4}+ı>ȷ , ∼ fπ+ȷ , Y+ı>U, > li I =@I +U, ⪰ q ⪰ O+O∗ 4,I +U, @=I^∋> ȷ ▽ E+ı>U,/Lwiroorz v wkdw H+ı>5U, @ △⋃ n@3 ⋃ ȷ ▽ E +ı>5U, S^D_n +ı>ȷ , ∼ △⋃ n@3 ⋃ ȷ ▽ E +ı>U, 4 5 [S^D_n +ı>ȷ , ∼^I ∋⋃ n@I ⋃ ȷ ▽ E +ı>U, 4 5 [S^D_n +ı>ȷ ,

∼ f Y+ı>U, Y+ı>U, +O∗ 4,^5I +U, ∼ fI +U,/

F r ur oodu| <1: Li +s^3,>+HG^I , dqg +SK^I , krog/ wkhq υ+ı>U>5U, ∼ f I +U, Y+ı>U, /

S ur r i1 Ohwxv uhfdooiurp Sursrvlwlrq 61; wkdw ξ+ı>5U, ⪰ υ+ı>U>5U,Y+ı>5U, H+z >_4^7 U,_5 > z klfk p hdqv wkdwxvlqj Sursrvlwlrq <19 iroorz v wkh vwdwhp hqw υ+ı>U>5U, ∼ f ξ+ı>5U,I_5+5U, Y+ı>5U, ∼ f I +ı>5U, Y+ı>5U, /

S ur r i r i Wkhr uhp <141 Rq rqh kdqg wkh uhvxowiroorz v iurp Sursrvlwlrq <16/ Fruroodu| <18/ <1: 1

Rq wkh rwkhukdqg wkh hoolswlf Kduqdfn lqht xdolw| hylghqwo| iroorz viurp wkh sduderolf rqh1 Wklv�qlvkhv wkh surri ri 6/@⇔ 4/lq Wkhruhp 515 dqg khqfh wkh z kroh surri lv frp sohwh1

S ur r i r i Wkhr uhp 5161 Rqh kdv wr uhfrjql}h wkdwlq wkh frxuvh ri wkh surri 5/@⇔ 6/@⇔ 4/ri

Wkhruhp 515 uhfxuuhqfh ru vwurqj uhfxuuhqfh z dv qrwxvhg/ frqvht xhqwo| wklv wkhruhp lv suryhg dv z hoo1

43 Ds s hqgl{

S ur r i r i Ohp p d : 161 I urp Wkhruhp 718 z h nqrz wkdw f G n+q>g+ı>ȷ ,, ⪰ 4 G +n+q>g+ı>℘,, . n+q>g+℘>ȷ ,, . 4, / Wklv p hdqv wkdw h–s 4 G +∗ fn+q>g+ı>ȷ ,, . n+q>g+ı>℘,, . n+q>g+℘>ȷ ,,, ∼ f_∋> khqfh

S^{5q} +ı>ȷ , @ ⋃ ℘▽ Λ S^q +ı>℘,S^q +℘>ȷ , @ ⋃ ℘▽ Λ S^q +ı>℘, π+ȷ , π+℘, S^q +ȷ >℘, ⪰ π+ȷ , ⋃ ℘▽ Λ S^q +ı>℘, π+℘,_{4∂5} S^q +ȷ >℘, π+℘,_{4∂5} F h_∗ +∗ fn+q>g+ı>ȷ ,,. n+q>g+ı>℘,,. n+q>g+℘>ȷ ,,,

⪰ F π+ȷ , h–s ) ∗ f G n+q>g+ı>ȷ ,, [ ] ⋃ ℘▽ Λ s+ı>℘,_5 π+℘, h–s 4 G n+q>g+ı>℘,, ⌊^{4∂5}

⋄ ] ⋃ ℘▽ Λ s+ȷ >℘,_5 π+℘, h–s 4 G n+q>g+℘>ȷ ,, ⌊^{4∂5} /

S ur r i r i Ohp p d : 171 Ohwxv dvvxp h �uvwwkdwg+z >℘, ⋆ 5i +q, lq wkh vxp p d ri H^G / Lq wklv fdvh lwiroorz v iurp Sursrvlwlrq 7145 wkdw n+q>g+z >℘,, ⪰ F I +g+z >℘,, q ⋆ I +5i +q,, q ⪰ F>

5:

surylghv wkh frqglwlrq ri +SOH,>exwwklv krogv z lwk wkh ulj kwfkrlfh ri wkh frqvwdqwv1 Wkh lqht xdolw|

+43/¡, krogv li tI ]⌉ U n . 4 {⌊ ⋆ t ] η 6 ⌊^ω q n . 4 z lwk n @n+t ]^η 6 ⌊^ω q>U, e| gh�qlwlrq1 Lwiroorz v qrz wkdw u ⋆ i ] ] f η 6 ⌊^ω p ⌊ ⪰ η 6 i +p ,/ Xvlqj wklv z h dsso| +SOH, iru ℘^l ▽ E+r^l>u, @=E^l>z lwk g+℘^l>℘^{l. 4}, ⪰ 6u ⪰ ηh+q, lq wkh irup

[S^p +℘^l>℘^{l. 4}, ∼ f^o π+℘_{l. 4}, Y+℘^l>i +q,, / Wklv fdq eh dssolhg wr j hw [S^q +ı>ȷ , ∼ ⋃ +℘^4 >//℘^{n ∗ 4} ,▽ E^4 ⋄ //E^{n ∗ 4}

f^oπ+℘^4, Y+ı>u, f^oπ+℘^5, Y+r^4>u, /// f^oπ+ȷ , Y+r^{n∗ 4}>u, ∼ f_∋ π+ȷ , h–s +∗ norj 4∂f^o, Y+ı>i +q,, / xvlqj Ohp p d 4619 lq ^59‘1 I lqdoo| z h j hw+OH^I , iurp Sursrvlwlrq 7146 uhp rylqj f @ t ] f_η^6 ⌊^ω iurp n+fq>g+ı>ȷ ,, z lwk d ixuwkhulqfuhdvh ri wkh ohdglqj frqvwdqwlq wkh h{s rqhqwdqg ghfuhdvlqj lq iurqw1 I ru wkh wulyldog+ı>ȷ , ⪰ ηi +q, dqg g+ı>ȷ , A ϱq fdvhv vhh wkh duj xp hqwv lq ^59‘1

S ur r i r i Ohp p d ; 161 Ohwxv uhfdoowkdwiurp wkh +OH^I , z h kdyh [S^q +z >ȷ , @S^q +z >ȷ , . S^{q. 4}+z >ȷ , ∼ fπ+ȷ , Y+z >NϱU, h–s ∗ F n+q>g+z >ȷ ,, ∼ f π+ȷ , Y+z >NϱU, > +43143, z khuh wkh odvwlqht xdolw| iroorz v iurp n ⋆ F>z klfk lvsurylghg wkdwe| +I . , dqg Surs rvlwlrq 71451 Ohw xv gh�qh [u e| π+z , π+ȷ , [u^q +z , =@ [S^q +ȷ >z , ∗ [S_D^q +ȷ >z ,/ Lwfdq eh ghfrp srvhg dffruglqj wr wkh h{lwwlp h dqg sodfh π+z , π+ȷ , [u^q +z , ⪰ ⋃ ℘▽ V+ı>U,

q∗ 4⋃ p @3 S^ȷ +W^U @p >♭^p @℘, [S^{q∗ p} +℘>z , @= ⋃ ℘▽ V+ı>U,

q∗ 4⋃ p @3 π+z , π+℘, [S^{q∗ p} +z >℘,τ_D^p +ȷ >℘,> z khuh lwlv fohdu wkdw q∗ 4⋃ p @3 ⋃ ℘ τ_D^p +ȷ >℘, ⪰ 4/ I urp wkh xsshu hvwlp dwh/ p rqrwrqlflw| lq wkh vhfrqg yduldeoh ri n dqg iurp g+z >℘, ∼ +4 ∗ ϱ,U z lwk 3 ⪰ p ⋆ q 4 π+℘, [S^{q∗ p} +z >℘, ⪰ F Y+z >i +q ∗ p ,, h–s +∗ fn+q ∗ p >+4∗ ϱ,U,, @ 4 Y+z >NϱU, ] FY+z >NϱU, Y+z >i +q ∗ p ,, h–s +∗ fn++q ∗ p , >+4∗ ϱ,U,, ⌊ / Z h z loovkrz wkdwz lwk wkh ulj kwfkrlfh ri ϱwkh whup lq wkh eudfnhwv fdq eh erxqghg e| f∂5/ Ohwxv vwduwz lwk F Y+z >NϱU, Y+z >i +q ∗ p ,, h–s +∗ fn++q ∗ p , >+4∗ ϱ,U,, ⪰ F ] NϱU i +q ∗ p , ⌊^δ h_{∗ fn} ⪰ F h–s ] δ 5ϱU i +q ∗ p , ∗ fn ⌊ /

Qrz z h xvh Ohp p d 71; n+q ∗ p >NϱU, . 4 ∼ f ] NϱU i +q ∗ p , ⌊ ω_{ω ∗ 4} ∼ f NϱU i +q ∗ p , dqg jhw

F h–s ⌋ δ NϱU i +q ∗ p , ∗ fn ⌈ ⪰ F h–s ] NϱδF 4∗ ϱ ] +4∗ ϱ,U i +q ∗ p , ⌊ ω_{ω ∗ 4} ∗ fn ⌊

⪰ F h–s ] ∗ f ] 4∗ NϱδF 4∗ ϱ ⌊ ] +4∗ ϱ,U i +q, ⌊ ω_{ω ∗ 4} ⌊ / Wkh ruljlqdouhvwulfwlrqv wr q dqg U fdq eh xvhg wr uhfhlyh

F h–s ⌋ δ NϱU i +q ∗ p , ∗ fn ⌈ ⪰ F h–s ∗ fϱ^{∗ 4}/ Wklv fdq eh p dgh duelwudulo| vp dooz lwk wkh ulj kwfkrlfh ri ϱ/Wklv uhvxowv π+ȷ , π+℘, [S_{5q∗ p} +z >℘, ⪰ f 5 > z klfk hqgv wkh surri xvlqj +43143,1

S ur r i r i Wkhruhp ; 141 Wr frp sohwh wkh surri ri +SK_I , z h qhhg wkh hvwlp dwhv ri wkh vroxwlrq x @x_q +z , ∼ 3/Wklv fdq eh jlyhq z lwk wkh dlg ri dqrwkhu vroxwlrq y_q >3 ⪰ y_q ⪰ x_q >y_q @x_q rq wkh vp doohu edoo E @ E+ı>5ϱU,1 Ghqrwh dj dlq D @ E+ı>U,/Wkh vroxwlrq y fdq eh hvwlp dwhg xvlqj wkh ixqgdp hqwdovroxwlrqv S^D_{q∗ p} +ı>℘,1

y_q +ȷ , @ ⋃ +p >℘,▽ Y S^D_{q∗ p} +ı>℘,τ^E_p +ȷ >℘,> +43144,

z khuh Y @^4>q‘⋄ V+ı>5ϱU, ∧ ⟩3| ⋄ E+ı>5ϱU, dqg 3 ⪰ τ^E_p +ȷ >℘, ⪰ 41 Wklv/ p hdqvdjdlq wkdwlwlvhqrxj k wr vkrz +S K_I , iru k+q>z , @S^D_{q∗ p} +z >℘,>z klfk lv d vroxwlrq rq p̂ >p . I +5ϱU,‘⋄ E+ı>5ϱU, iru doo exw�{hg p ⪰ I +f_5U,/Wkh frqvwdqwv lq +KS_I , fdq eh fkrvhq dv iroorz v1 κ @ϱ>f_4 @ϱ^5∂5>f_5 @ϱ^5>f_6 @ 5ϱ^5>f_7 @7ϱ^5 dqg lwlv hqrxj k wr vkrz wkdw k+q_� >z_� , ⪰ F k+q_⊘ >z_⊘ ,/ Ohp p d ; 16 surylghv wkh orz hu hvwlp dwh +fkrrvlqj N @5 ,

[S^D_{q ⊘ ∗ p} +z_⊘ >℘, ∼ fπ+℘, Y+z_⊘ >5ϱU, iru z_⊘ ▽ E+ı>ϱU, ℘ ▽ E+ı>5ϱU, I +f_6U, ⪰ +q_⊘ ∗ p , ⪰ I +f_7U, g+z_⊘ >℘, ⪰ q_⊘ ∗ p / 1

Ohwxv revhuyh wkdwli g+z_⊘ >℘, A q_⊘ ∗ p dqg g+z_⊘ >z_� , ⪰ q_⊘ ∗ q_� / wkhq g+z_� >℘, ∼ g+z_⊘ >℘, ∗ g+z_⊘ >z_� , A q_⊘ ∗ p ∗ +q_� ∗ q_⊘ , @q_� ∗ p dqg frqvht xhqwo| i +q_� >z_� , @S^D_{q � ∗ p} +z_� >℘, @3/ I ru wkh xsshu hvwlp dwh z h vwduwz lwk S^D_{q∗ p} +z >℘, ⪰ S_{q∗ p} +z >℘, dqg dsso| wkh +S XH,1 Li p @3> I +f_4U, ⪰ q_� ⪰ I +f_5U,/ wkhq S^D_{q �} +z_� >℘, ⪰ S_{q �} +z_� >℘, ⪰ F π+℘, Y+z_� >i +q_� ,, ⪰ F π+℘, Y+z_� >f_4U, ⪰ Fπ+℘, Y+z_� >5ϱU, /

Li 3 ⋆ p ⪰ q^� dqg z^� ▽ E+ı>ϱU,>℘ ▽ V+ı>5ϱU, + khqfh g+z^� >℘, ∼ ϱU ,/ wkhq wkh xss hu hvwlp dwh surylghv iru I +f^4U, ⪰ q^� ∗ p ⪰ I +f^5U, S_D^{q � ∗ p} +z^� >℘, ⪰ S^{q � ∗ p} +z^� >℘, ⪰ F π+℘, h–s +∗ fn++q^� ∗ p , >g+z^� >℘,,, Y+z^� >i +q^� ∗ p ,, / z klfk fdq eh kdqgohg h{dfwo| dv dwwkh hqg ri Ohp p d ; 16 wr jhw S_D^{q �} +z^� >℘, ⪰ F π+℘, Y+z^� >5ϱU, / Wkh surri hqgv z lwk wkh frp sdulvrq ri Y+z^/>5ϱU, z lwk Y+ı>5ϱU, surylghg e| wkh �qlwh qxp ehu ri lwhudwhg xvh ri +SG^5Y, edvhg rq wkh fryhulqj sulqflsoh1

S ur r i r i Sur s rvlwlr q <151 Ohwxvvkrz dq xsshuhvwlp dwh ri wkh wudqvlwlrq suredelolw| �uvw1Ohwxv

�{ ȷ ▽ Λ dqg ohwx^q +ı, @S^q +ı>ȷ , wkhvroxwlrq rq ^3>I +5U,‘⋄ E+ı>5U,/Ghqrwhκ @_4^5 >q @I +f^5U,>fkrrvh f^4 ⋆ f^5 ⋆ 4 duelwudulo| / dqg gh�qh O@}F^I ⟨>z khuh F^I lv wkh frqvwdqwlq +HG^5I ,>f^6 @ )^O F^I [ 4^ω f^5>dqg f^7 @ )^O f^3 [^{4∂ϱ} f^5>z khuh ϱ>f^3 duh wkh frqvwdqwv lq +I . ,/Wklv dvvxp swlrqv hqvxuh wkdw I +f^6U, ⪰ Oq ⪰ I +f^7U, dqg ohwxv revhuyh wkdwf_∋^6 ⋆ f_∋^7 vlqfh f^3 ⋆ 4 ⋆ F^I dqg ω ∼ 5 wkdqnv wr +I . ,/ f_∋^6 @ ] O F^I ⌊ 4^ω ⋆ ] O f^3 ⌊^{4∂ϱ} @f_∋^7/

Dvvxp h wkdwg+ı>ȷ , ⪰ U>g+℘>ȷ , ⪰ U>dqg dsso| +SK^I ,>wkhq

S^q +ı>ȷ , ⪰ F^K [S^{Oq} +℘>ȷ , +43145,

S^q +ı>ȷ , ⪰ F^K Y+ı>U, ⋃ ℘▽ E +ı>U, π+℘, [S^{Oq} +℘>ȷ , @ F^K π+ȷ , Y+ı>U, ⋃ ℘▽ Y+ı>U, [S^{Oq} +ȷ >℘, ⪰ F π+ȷ , Y+ı>U, ⪰ F π+ȷ , Y+ı>i +q,, Wkh qh{wvwhs lv wr vkrz +SK^I , @⇔ +SOH, dqg dv d frqvht xhqfh +QOH,1 Z h qhhg khuh d sduwlfxodu fkrlfh ri wkh sur�oh ri wkh sduderolf Kduqdfn lqht xdolw| vlqfh z h vkrxog dsso| lwwz lfh1 I luvwz h xvh lw iru d sduwlfxodu vroxwlrq [x ri wkh sduderolf ht xdwlrq z lwk erxqgdu| frqglwlrqv [x^n+z , gh�qhg rq X @

^3>I +f^75U,‘⋄ E+ı>5U,>D @E+ı>5U,>q @I +U, +f^7 vshfl�hg odwhu, dv iroorz v

[x_D^n +z , @ ⟩ 4 li 3 ⪰ n ⪰ q ⋃ ℘▽ E +ı>U, [S D n∗ q +z >℘, li n A q > wkhq z h dsso| +S K^I , wr S_D^p j hwwlqj S_D^p +℘>ȷ , ⪰ F^K [S_D^{Op} +ı>ȷ , iru ℘ ▽ E+ı>U,/ Z h gh�qh wz r vhulhv ri frqvwdqwv f^l>f_∋^l iru wz r sur�ohv/ F>F_∋ nhhslqj κ @κ_∋ @_4^5 �{hg1 Dvvxp h f_∋^4 ⋆ 4 ⋆ f_∋^5>l1h1 I +f_∋^4U, ⋆

I +U, @=q ⋆ I +f_∋^5U,/ Ohwxv �{ f_∋^6 A f_∋^5 A 4 dqg O=@F^I +f_∋^6,_ω . 4 ∼ 5>z khuh F^I lvwkh frqvwdqwiurp

+HG^5I ,/I lqdoo| f_∋^7 @ )^{O∗ 4} f^3 [^{4∂ϱ} z khuh ϱ>f^3 duh wkh frqvwdqwv iurp +I . ,/ Z lwk wklv fkrlfh lwlv fohdu wkdw+O∗ 4, I +U, @=+O∗ 4, q A I +f_∋^6U, dqg +O∗ 4,q ⪰ +O∗ 4,I +U, ⪰ I +f_∋^7U,/Wkdqn wr f^3 ⋆ 4 ⋆ F^I dqg +I . , z klfk lp so| ω ∼ 5 lwiroorz v wkdwf^6 ⋆ f^7/Wklv sur�oh lv xvhg wr j hwwkh iroorz lqj hvwlp dwh iru [x/ 4 F^K @ 4 F^K [x_D^q +ı, ⪰ [x_D^{Oq} +ȷ , @ ⋃ ℘▽ E +ı>U, [S_D^{Oq∗ q} +ȷ >℘, ⪰ F ⋃ ℘▽ E +ı>U, [S_D^p +ȷ >℘,> z khuh p @+O∗ 4,I +U,/Wkh vdp h frqvwuxfwlrq ri dq rwkhu sur�oh z runv vwduwlqj z lwk I +f^4U, ⋆ p ⋆

I +f^5U, xvlqj vlp so| O lqvwhdg ri O∗ 4/Z h fdq dsso| +SK^I , wr uhfhlyh ⋃ ℘▽ E +ı>U, [S_D^p +ȷ >℘, ⪰ ⋃ ȷ ▽ E +ı>U, 5F^K [S_D^{Op} +ı>ȷ , π+℘, π+ȷ , @ 5F^K Y+ı>U, π+ȷ , [S_D^{Op} +ı>ȷ ,/

Rxu ghulydwlrq hqgv z lwk [S^D_{O+O∗ 4,I +U,} +ı>ȷ , ∼ f π+ȷ , Y+ı>U, >

[S^D_n +ı>ȷ , ∼ f π+ȷ , Y+ı>U, > +SOH,

li I +U, ⪰ n ⪰ O+O∗ 4,I +U, dqg g+ı>ȷ , ⪰ U/ ixuwkhup ruh z h kdyh [S_n+ı>ȷ , ∼ f π+ȷ , Y+ı>i +n,, / Wklv suryhv +S OH, dqg +QOH,1

Uhihuhqfhv

^4‘ Durqvrq G1J 1Qrq0qhj dwlyh vroxwlrqv ri olqhdu sduderolf ht xdwlrqv1Dqq1Vfxrod Qrup 1Vxs1Slvd fo1Vfl +6, 55 +4<9; ,/ 93: 09<7>Dgghqgxp 58 +4<: 4,/ 554055; 1 ^5‘ Doh{dqghu V1> Ruedfk/ U1 Ghqvlw| ri vwdwhv rq iudfwdov/�iudfwlrqv�/1 M1 Sk| vlt xh +Sdulv, Ohww1 76 +4<; 5,/ O9580O9641 ^6‘ Eduorz / P 1W1>Qxdoduw/ G1Gl�xvlrq rq I udfwdov1lq=Ohfwxuhv rq suredelolw| wkhru| dqg vwdwlvwlfv1Ohfwxuhv iurp wkh 58wk Vdlqw0I orxu Vxp p hu Vfkr rokhog Mxo| 43�59/ 4<<81Hglwhg e| S1Ehuqdug1Ohfwxuh Qrwhv lq P dwkhp dwlfv/ 49<31Vsulqj hu0Yhuodj / Ehuolq/ 4<<; 1 ^7‘ Eduorz / P 1W1>Edvv/ I 1U1/ Wkh Frqvwuxfwlrq ri wkh Eurz qldq P rwlrq rq wkh Vlhuslvqnl Fdushw1Dqq1Lqvw1 K1Srlqfdu� Surede1Vwdwlvw158 +4<; <,/ qr16/ 558058: 1 ^8‘ Eduorz / P 1W1> Edvv/ I 1U1/ Udqgrp z donv rq j udsklfdo Vlhuslqvnl fdushwv1 lq= Slfdughoor/ P 1 D1> Z r hvv/ Z 1 +hglwruv,= �Udqgrp Z donv dqg Glvfuhwh Srwhqwldo Wkhru| �/ Surfhhglqj v +Fruwrqd 4<<: ,/ V| p s rvld P dwkhp dwlfd [ [ [ L[ / Fdp eulgj h Xqlyhuvlw| Suhvv/ 4<<<1 ^9‘ Eduorz / P 1W1/ Edvv/ I 1U1/ Glyhuj hqfh irup rshudwruv rq iudfwdo0olnh grp dlqv1M1I xqfw1Dqdo14: 8 +5333,/ qr14/ 547057: 1 ^: ‘ Eduorz / P 1W1/ Frxokrq/ W1/ J ulj ru*| dq/ P dqlirogv dqg j udskv z lwk vorz khdwnhuqhoghfd| 1suhsulqw1 ^; ‘ Eduorz / P 1W1>Kdp eo| / E1Wudqvlwlrq ghqvlw| hvwlp dwhv iru Eurz qldq p rwlrq rq vfdoh luuhj xodu Vlhuslqvnl j dvnhwv1Dqq1Lqvw1K1Srlqfdu� Surede1Vwdwlvw166 +4<<: ,/ qr18/ 864088<1 ^<‘ Fkdyho/ L1Oduj h wlp h khdwGl�xvlrq rq Ulhp dqqldq p dqlirogv1Ohfwxuh qrwhv/ +xqsxeolvkhg,/ 4<<; 1 ^43‘ Fkhhj hu/ M1/ Gl�huhqwldelolw| ri Olsvfklw} ixqfwlrqvrq P hwulf P hdvxuh Vsdfhv1J hrp 1I xqfw1Dqdo1 < +4<<<,/ qr16/ 75; 084: 1 ^44‘ Fkhhj huM1>\ dx/ V10W1D orz hu erxqg iruwkh khdwnhuqho1Frp p 1Sxuh Dsso1P dwk167 +4<; 4,/ qr17/79807; 1 ^45‘ Frxokrq/ W1Dqdo| vlv rq lq�qlwh j udskv z lwk uhj xodu yroxp h j urz wk1MH 53: 3 Qr 4: 24; / +Qryhp ehu 4<<: ,/ Xqlyhuvlw� gh Fhuj | 0Srqwrlvh1 ^46‘ Frxokrq/ W1Xowudqrqwudfwlylw| dqg Qdvk w| sh lqht xdolwlhv1M1I xqfw1Dqdo1474 +4<<9,/ qr15/ 843�86<1 ^47‘ Frxokrq/ W1>J ulj ru*| dq D1Udqgrp z donv rq j udskv z lwk uhj xodu yroxp h j urz wk1J hrp 1I xqfw1Dqdo1;

+4<<; ,/ qr17/ 9890: 341 ^48‘ Fkxqj / I 1U1N1Vshfwudo J udsk Wkhru| FEP V Uhj lrqdo Frqihuhqfh Vhulhv lq P dwkhp dwlfv/ <51 Sxeolvkhg iru wkh Frqihuhqfh Erdug ri wkh P dwkhp dwlfdoVflhqfhv/ Z dvklqj wrq/ GF>e| wkh Dp hulfdq P dwkhp dwlfdo Vrflhw| / Surylghqfh/ UL/ 4<<: 1

^49‘ Ghop rwwh/ W1>Sduderolf Kduqdfn lqht xdolw| dqg hvwlp dwhvri P dunry fkdlqvrq j udskv1Uhy1P dw1Lehurdp hu0 lfdqd 48 +4<<<,/ qr14/ 4; 4�5651

^4: ‘ Gdylhv/ H1E1Khdwnhuqhov dqg vshfwudowkhru| Fdp eulgj h Xqlyhuvlw| Suhvv Fdp eulgj h/ 4<; <1

^4; ‘ Gr| oh/ S1J 1>Vqhoo/ M1O1Udqgrp z donv dqg hohfwulf qhwz runv Fduxv P dwkhp dwlfdoP rqrj udskv/ 551P dwkh0 p dwlfdoDvvrfldwlrq ri Dp hulfd/ Z dvklqj wrq/ GF/ 4<; 71

^4<‘ Hlqvwhlq/ D1� ehu glh yrq ghu p rohnxodnlqhwlvkhq Wkhrulh ghu Z �up h j hirghuwh Ehz hj xqj yrq lq uxkhqghq vvlj nhlwh vxvs hqglhuwhq Whlofkhq1Dqqdohq ghu Sk| vln 4: +4<38,1

^53‘ I xnxvklp d/ P 1Glulfkohwirup v dqg P dunry surfhvvhv1Qruwk Kroodqg Nrgdqvk/ 4<; 31

^54‘ I xnxvklp d/ P 1>Rvklp d/ \ 1>Wdnhgd P 1Glulfkohwirup vdqg v| p p hwulf P dunry Surfhvvhvgh J ux| whuVwxglhv lq P dwkhp dwlfv/ 4<1Z dowhu gh J ux| whu ) Fr1/ Ehuolq/ 4<<71

^55‘ I dehv/ H1>Vwurrfn1/ G1D qhz surri ri wkh P rvhu*vsduderolf Kduqdfn lqht xdolw| xvlqj wkh rog lghdvri Qdvk1

Dufk1UdwlrqdoP hfk1Dqdo1<9 +4<; 9,/ qr17/ 65: �66; 1

^56‘ J ulj ru*| dq/ D1J dxvvldq xsshu erxqgv iru wkh khdwnhuqhorq duelwudu| p dqlirogv1M1Gl�huhqwldoJ hrp hwu|

78 +4<<: ,/ 660851

^57‘ J ulj ru*| dq/ D1Dqdo| wlf dqg j hrp hwulf edfnj urxqg ri uhfxuuhqfh dqg qrq0h{sorvlrq ri wkh Eurz qldq p rwlrq rq wkh Ulhp dqqldq p dqlirogv1Exoo1Dp hu1P dwk1Vrf1+Q1V1, 69 +4<<<,/ qr15/ 468�57<1

^58‘ J urp ry P 1 J urxsv ri s ro| qrp ldo j urz wk dqg h{sdqglqj p dsv1 Sxeo1 P dwk1 Lqvw1 K1 Srlqfdu� Surede1

Vwdwlvw186 +4<; 4,/ 8: 0: 61

^59‘ J ulj ru*| dq/ D1>Whofv/ D1Vxe0J dxvvldq hvwlp dwhv ri khdwnhuqhov rq lq�qlwh j udskv1wr dsshdulq Gxnh P dwk1 M1 ^5: ‘ Kdp eo| / E1P 1Eurz qldq p rwlrq rq d udqgrp uhfxuvlyh Vlhuslqvnl j dvnhw1Dqq1Surede158 +4<<: ,/ qr16/

438<�44351

^5; ‘ Krorsdlqhq/ L1Yroxp h j urz wk/ J uhhq*v ixqfwlrqv dqg sduderolflw| ri hqgv1Gxnh P dwk1M1<: +4<<<,/ qr15/

64<�6791

^5<‘ Khelvfk Z 1>Vdor�0Frvwh/ O1Rq wkh uhodwlrq ehwz hhq hoolswlf dqg sduderolf Kduqdfn lqht xdolwlhv1suhsulqw

^63‘ Khelvfk Z 1> Vdor�0Frvwh/ O1 J dxvvldq hvwlp dwhv iru P dunry fkdlqv dqg udqgrp z donv rq j urxsv1 Dqq1

Surede154 +4<<6,/ 9: 60: 3<1

^64‘ Nhvwhq/ K1 Vxegl�xvlyh ehkdylru ri udqgrp z donv rq d udqgrp foxvwhu Dqq1 Lqvw1 K1 Srlqfdu� Surede1

Vwdwlvw155 +4<; 9,/ 75807; : 1

^65‘ Nhp hq| / M1J 1>Vqhoo/ M1O1>Nqdss/ D1Z 1>Ghqxp hudeoh P dunry Fkdlqv1Vsulqj hu/ 4<: 91

^66‘ Od{/ S1G1Olqhdu Doj heud1Mrkq Z loh| ) Vrqv/ 4<<91

^67‘ Ohgrx{/ P 1Wkh j hrp hwu| ri P dunry gl�xvlrq j hqhudwruv/ ohfwxuh qrwhv suhsulqw/ 4<<; 1

^68‘ Olqvgvwu� p / W1Eurz qldq p rwlrq rq qhvwhg iudfwdov P hp 1Dp hu1P dwk1Vrf1; 6 +4<<3,/ qr17531

^69‘ P rvhu/ M1Rq Kduqdfn*v Wkhruhp iru hoolswlf gl�huhqwldoht xdwlrqv/ Frp p 1Sxuh dqg Dsso1P dwk149 +4<97,/

43404671

^6: ‘ P rvhu/ M1Rq Kduqdfn*vwkhruhp irusduderolf gl�huhqwldoht xdwlrqv Frp p 1Sxuh dqg Dsso1P dwk 57 +4<: 4,/

: 5: 0: 731

^6; ‘ P dqghoeurw/ E1E1Wkh iudfwdoj hrp hwu| ri qdwxuh Z 1K1I uhhp dq Vdq I udqflvfr/ 4<<51

^6<‘ P dwklhx/ S1Klwwlqj wlp hv dqg vshfwudoj ds lqht xdolwlhv1Dqq1Lqvw1K1Srlqfdu� Surede1Vwdwlvw166 +4<<: ,/ qr17/ 76: �7981

^73‘ P rvfr/ X1Glulfkohwirup dqg vhoi0vlp lodulw| / D1P 1V12LS Vwxglhv lq Dgydqfhg P dwkhp dwlfv ; 4<<; 1 ^74‘ Rvvhup dq/ U1Wkh lvrs hulp hwulf Lqht xdolw| / Exoo1D1P 1V1; 7=9 +4<: ; ,/ 44; 40456; 1 ^75‘ Slwwhw/ Fk1>Vdor�0Frvwh/ O1 D vxuyh| rq wkh uhodwlrqvkls ehwz hhq yroxp h j urz wk/ lvrs hulp hwu| / dqg wkh ehkdylru ri vlp soh udqgrp z don rq Fd| oh| j udskv/ z lwk vdp sohv1suhsulqw1 ^76‘ Uøfnqhu/ P 1Glulfkohwirup v rq lq�qlwh0glp hqvlrqdo�p dqlirog0olnh� vwdwh vsdfhv= d vxuyh| ri uhfhqwuhvxowv dqg vrp h survshfwv iru wkh ixwxuh1Suredelolw| wrz dugv 5333 +Qhz \ run/ 4<<8,/ 5; : �639/ Ohfwxuh Qrwhv lq Vwdwlvw1/ 45; / Vsulqj hu/ Qhz \ run/ 4<<; 1 ^77‘ Vwxup / N0Wk Gl�xvlrq surfhvvhv dqg khdwnhuqhov rq p hwulf vsdfhv1Dqq1Surede159=4 +4<<; ,/ 40881 ^78‘ Vwdqqdw/ Z 1Wkh wkhru| ri j hqhudol}hg Glulfkohwirup v dqg lwv dssolfdwlrq lq dqdo| vlv dqg vwr fkdvwlf P hp 1 Dp hu1P dwk1Vrf1475 +4<<<,/ qr19: ; 1 ^79‘ Vdor�0Frvwh/ O1Lvrshulp hwulf Lqht xdolwlhv dqg ghfd| ri lwhudwhg nhuqhov iru dop rvw0wudqvlwlyh P dunry fkdlqv Frp elqdwrulfv Suredelolw| dqg Frp sxwlqj 7 +4<<8,/ 74<07751 ^7: ‘ Vdor�0Frvwh/ O1D qrwh rq Srlqfdu�/ Vrerohy dqg Kduqdfn lqht xdolwlhv1Gxnh P dwk1M1LP UQ 5 +4<<5,/ 5: 06; 1 ^7; ‘ Vwurrfn/ G1Z 1>Ydudgkdq/ V1U1V1>P xowlglp hqvlrqdogl�xvlrq surfhvvhv1Vsulqj hu Ehuolq/ 4<: <1 ^7<‘ Whofv/ D1Udqgrp Z donv rq J udskv/ Hohfwulf Qhwz runv dqg I udfwdov1Surede1Wkhru| Uhodwhg1I lhogv ; 5/ +4<; <,/ 768077<1 ^83‘ Whofv/ D1Vshfwud ri J udskv dqg I udfwdoGlp hqvlrqv L1Surede1Wkhru| Uhodwhg1I lhogv ; 8 +4<<3,/ 7; <07<: 1 ^84‘ Whofv/ D1Vshfwud ri j udskv dqg I udfwdoglp hqvlrqv LL1M1Wkhruhw1Surede1; +4<<8,/ : : 0<91 ^85‘ Whofv/ D1I udfwdoGlp hqvlrq dqg P duwlq Erxqgdu| ri J udskv wr dss hdu lq Vwxgld Vfl1P dwk1Kxqj du1 ^86‘ Whofv/ D1 Orfdo vxe0J dxvvldq hvwlp dwhv rq J udskv/ wkh vwurqj o| uhfxuuhqwfdvh1 wr dss hdu lq Hohfwurq1M1 Surede1 ^87‘ Ydurs rxorv/ U1Wk1Kdug| 0Olwwohz rr g wkhru| iru vhp lj urxsv1M1I xqfw1Dqdo196 +4<; 8,/ 548056<1 ^88‘ Ydurs rxorv/ U1>Vdor�0Frvwh/ O1>Frxokrq/ Wk1>Dqdo| vlv dqg j hrp hwu| rq J urxsv1 Fdp eulgj h Xqlyhuvlw| Suhvv/ 4<<61 ^89‘ Ylfvhn/ W1Udqgrp z donv rq erqg shufrodwlrq foxvwhuv1] hlwvfkuliwi u Sk| vln E 78/ 486048: 1 ^8: ‘ Z dqj / I 0\ 1I xqfwlrqdolqht xdolwlhv/ vhp lj urxs surshuwlhv dqg vshfwuxp hvwlp dwhv1suhsulqw1 ^8; ‘ Z hdyhu/ Q1Olsvfklw} doj heudv1Z ruog Vflhqwl�f wr dsshdu1 ^8<‘ Z lhqhu Q1Gl�huhqwldovsdfh1M1P dwk1Sk| v1P dvv1Whfkq15 +4<56,/ 46404: 71 ^93‘ Z rhvv/ Z 1Udqgrp z donv rq lq�qlwh j udskv dqg j urxsv 0d vxuyh| rq vhohfwhg wrslfv1Exoo1Orqgrq P dwk1 Vrf159 +4<<7,/ qr14/ 4�931 Dqgu�v Whofv LP F J udgxdwh Vfkrrori Exvlqhvv/ Exgdshvw ] u�q| l x1 47 K04384 Exgds hvw Kxqjdu| H0p dlo=k4<: whoChood1kx