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Abstract

In this paper the multi-armed bandit problem is considered in bounded loss case,
that is, when after choosing an action, the algorithm learnsonly the loss of the
chosen action. An algorithm is given, whose average loss inn rounds exceeds
that of the performance of the best fix action at most by an amount proportional to
1/
√

n.

1 Introduction

In on-line prediction problems in general, an algorithm hasto perform a sequence of actions. After
each action, the algorithm suffers some loss, depending on the response of the environment. Its
goal is to minimize its cumulative loss over a sufficiently long period of time. In the adversarial
setting no probabilistic assumption is made on how the losses corresponding to different actions are
generated. In particular, the losses may depend on the previous actions of the algorithm, whose goal
is to perform well relative to the best action for any possible behavior of the environment.

In the multi-armed bandit (MAB) setting only the loss of the chosen action is revealed for the
algorithm. Aueret al. [2] gave an algorithm, whose average loss inn rounds exceeds that of
the performance of the best fix action at most by an amount proportional to

√
N lnN/n, whereN

is the number of the actions. This algorithm uses gain instead of the loss and during the analysis
switching was need between the loss and gain.

However in some cases this ”gain-loss switching” causes problem. In case of unbounded loss or in
the case when the bound of the loss is unknown it is not possible to convert loss to the gain. Another
case is the shortest path problem (see György et. al. [5]) where all paths have to be same length
because of the ”gain-loss switching”. We give an algorithm which uses only losses and it obtains
same convergence rate like the algorithm proposed by [2].

2 The model

The MAB problem considered in this paper is described as follows. Suppose an algorithm has to
make a sequence of actions. At each time instancet = 1, 2, . . .,

1. the environment decides on the losses0 ≤ ℓi,t ≤ 1 of an actioni ∈ {1, . . . , N},

2. the algorithm chooses an actionIt ∈ {1, . . . , N},

3. the algorithm suffers lossℓIt,t,

4. the algorithm receives feedback on his loss.
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After n rounds the loss of the algorithm and the loss of the actions are

L̂n =
n∑

t=1

ℓIt,t and Li,n =
n∑

t=1

ℓi,t,

and the performance of the algorithm is measured by its regret per round,1n

(
L̂n − mini Li,n

)
.

3 The algorithm

In this section we show a new algorithm GREEN.SHIFT for MAB problem and we give an upper
bound on its performance. The proposed algorithm is a ”shifted” version of algorithm GREEN
which was introduced by Allenberget. al. [1]. GREEN is a variant of the weighted majority (WM)
algorithm of Littlestone and Warmuth [6].

Denote bypi,t the probability of choosing actioni ∈ {1, . . . , N} at time t in case of the WM
algorithm, that is,

pi,t =
e−ηL′

i,t−1

∑N
j=1 e−ηL′

j,t−1

,

whereL′
i,t is so called cumulative biased estimated loss will be specified later. Similarly to the orig-

inal GREEN algorithm GREEN.SHIFT uses alsomodified probabilities̃pi,t which can be determined
from pi,t,

p̃i,t =

{
0 if pi,t < γ,
ct · pi,t if pi,t ≥ γ,

wherect is the normalizing factor andγ is a positive (time-dependent) threshold. The modified
probabilities inspired the name of the algorithm. Namely itwas named after the well-known idiom:
”The grass is always greener on the other side of the fence”, since the action it did not choose
(p̃i,t = 0) that had the best possible payoff (the zero loss).

Denoteℓ̃i,t the conditional unbiased estimation of the true loss of eachaction with respect to its
natural filtration, that is,̃ℓi,t = I{It=i}ℓi,t/p̃i,t whereIt is the choice of the algorithm at timet

according to the distributioñpi,t andEt

[
ℓ̃i,t

]
def
= E

[
ℓ̃i,t

∣∣I1, . . . , It−1

]
= ℓi,t.

Instead of the unbiased estimate, a slightly smaller quantity is used by the algorithm. The (biased)
estimated loss is

ℓ′i,t = ℓ̃i,t −
β

max{p̃i,t, γ}
,

whereβ is a positive parameter and the maximum is necessary to avoiddivide by zero. Then the
cumulative estimated loss of an action is given byL′

i,n =
∑n

t=1 ℓ′i,t. The resulting algorithm is
given in Figure 1.

Theorem 1 For any0 < δ < 1 and parameters
√

ln (N/δ)

nN
≤ β ≤ 1

N
, β ≤ γ ≤ 1

N
and 0 < η ≤

√
lnN

nN
,

the performance of Algorithm 1 can be bounded with probability at least1 − δ as

L̂n ≤ NγL̂n + 2βnN + (1 + ηN)min
i

Li,n + ηβnN2 + N ln(1/γ) + 2Nη +
lnN

η
.

In particular, choosingβ =
√

ln(N/δ)
nN , γ = β, η =

√
lnN
nN and ifn ≥ N ln(N/δ) then we have

1

n

(
L̂n − min

i
Li,n

)
≤ 7
√

N ln(N/δ)/n +
1

2n
N ln(nN) .

For the proof of the theorem we need the following 2 lemmas. The first lemma is a simple modifi-
cation of [3, Lemma 6.7].



Algorithm GREEN.SHIFT

Let η > 0, β > 0 andγ > 0.

Initialization: L′
i,0 = 0 for all i = 1, . . . , N .

For each roundt = 1, 2, . . .

(1) Calculate the weights of the actions

wi,t = e−ηL′
i,t−1 i = 1, . . . , N and Wt =

N∑

i=1

wi,t .

(2) Calculate the probability distribution

pi,t =
wi,t

Wt
i = 1, . . . , N .

(3) Calculate the modified probabilities

p̃i,t =

{
0 if pi,t < γ,
ct · pi,t if pi,t ≥ γ,

wherect = 1/
∑

pi,t≥γ pi,t .

(4) Compute the estimated loss for alli = 1, . . . , N

ℓ′i,t = ℓ̃i,t −
β

max{p̃i,t, γ}
=

{
ℓi,t

epi,t
− β

max{epi,t,γ}
if It = i;

− β
max{epi,t,γ}

otherwise.

(5) For alli = 1, . . . , N update the cumulative estimated loss

L′
i,t = L′

i,t−1 + ℓ′i,t.

Figure 1: Algorithm GREEN.SHIFT for MAB

Lemma 1 Under the assumptions of Theorem 1 for any0 < δ < 1 we have

P
(
L′

i,n > Li,n + βnN
)
≤ δ

N
, i ∈ {1, . . . , N}.

The follwoing lemma is a variant of [1, Theorem 2].

Lemma 2 Under the assumptions of Theorem 1 for the cumulative estimated loss we have

L′
i,n ≤ min

j=1,...,N
L′

j,n +
ln(1/γ)

η
.

Proof of Theorem 1. For the proof of theorem the quantity ofln Wn

W0

is bounded, where

Wt =
N∑

i=1

wi,t, t ≥ 1 and W0 = N .

The lower bound is

ln
Wn

W0
= ln

(
N∑

i=1

e−ηL′
i,n

)
− lnN ≥ ln

(
max

i=1,...,N
e−ηL′

i,n

)
− lnN = −η min

i=1,...,N
L′

i,n − lnN .

(1)

For the upper bound note that−ηℓ′i,t ≤ 1 for all i andt, therefore

ln
Wt

Wt−1
= ln

N∑

i=1

pi,te
−ηℓ′i,t ≤ ln

N∑

i=1

pi,t

(
1 − ηℓ′i,t + η2ℓ′i,t

)
≤ −η

N∑

i=1

pi,tℓ
′
i,t + η2

N∑

i=1

pi,tℓ
′2
i,t .

(2)



Next we bound the sums in (2). On the one hand,
N∑

i=1

pi,tℓ
′
i,t =

pIt,t

p̃It,t
ℓIt,t − β

N∑

i=1

pi,t

max{p̃i,t, γ}
≥ pIt,t

p̃It,t
ℓIt,t − βN ≥ (1 − Nγ)ℓIt,t − βN ,

sincepIt,t/p̃It,t = 1/ct =
∑

j:pj,t≥γ pj,t = 1 −∑j:pj,t<γ pj,t ≥ 1 − Nγ.

On the other hand,
N∑

i=1

pi,tℓ
′2
i,t =

N∑

i=1

pi,t

(
ℓ̃i,t −

β

max{p̃i,t, γ}

)
ℓ′i,t ≤ ℓIt,tℓ

′
It,t − β

N∑

i=1

pi,tℓ
′
i,t

max{p̃i,t, γ}

≤ ℓIt,tℓ
′
It,t + β2

N∑

i=1

1

max{p̃i,t, γ}

≤ ℓIt,tℓ
′
It,t +

β2N

γ

≤
N∑

i=1

ℓ′i,t +
βN

γ
+

β2N

γ

≤
N∑

i=1

ℓ′i,t + N + βN ,

where the last inequality follows fromβ ≤ γ. Summing overt = 1, . . . , n, we have that

ln
Wn

W0
≤ −ηL̂n + NηγL̂n + ηβnN + η2

∑N
i=1 L′

i,n + η22N . (3)

Plug the results of Lemma 2 into (3) we get

ln
Wn

W0
≤ −ηL̂n + NηγL̂n + ηβnN + η2N min

i=1,...,N
L′

i,n + ηN ln(1/γ) + η22N . (4)

Combining (1) and (4) we obtain

L̂n ≤ NγL̂n + βnN + (1 + ηN) min
i=1,...,N

L′
i,n + N ln(1/γ) + 2ηN +

lnN

η
.

By Lemma 1 and the union bound we have at least1 − δ

L̂n ≤ NγL̂n + 2βnN + (1 + ηN) min
i=1,...,N

Li,n + ηβnN2 + N ln(1/γ) + 2ηN +
lnN

η

as desired. 2
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4 Appendix

4.1 Proof of Lemma 1

For anyu > 0 andc > 0 the Chernoff bounding technique (see, e.g., [4]) implies

P
(
L′

i,n > Li,n + u
)
≤ e−cu

Eec(L′
i,n−Li,n) . (5)

Lettingu = βnN andc = β, therefore from (5):

e−cu
Eec(L′

i,n−Li,n) = e−β2nN
Eeβ(L′

i,n−Li,n) ≤ δ

N
Eeβ(L′

i,n−Li,n) ,

where the inequality comes from
√

ln (N/δ)
nN ≤ β. Thus it suffices to prove that

Eeβ(L′
i,n−Li,n) ≤ 1.

For t = 1, . . . , n, introducing, a random variableZt = eβ(L′
i,t−Li,t) we clearly have

Zt = eβ(ℓ′i,t−ℓi,t)Zt−1.

Note thatβ(ℓ′i,t − ℓi,t) ≤ 1 because

β

(
ℓi,tI{It=i}

p̃i,t
− β

max{p̃i,t, γt}
− ℓi,t

)
≤ βℓIt,t

p̃It,t
≤ βℓIt,t

γ
≤ 1

where the second inequality comes fromβ ≤ γ. Moreover,ex ≤ 1 + x + x2 for x ≤ 1 therefore

Et[Zt] = Zt−1Et

[
e
β

“
eℓi,t−

β
max{epi,t,γ}

−ℓi,t

”]

= Zt−1e
− β2

max{epi,t,γ}
Et

[
eβ(eℓi,t−ℓi,t)

]

≤ Zt−1e
− β2

max{epi,t,γ}
Et

[
1 + β

(
ℓ̃i,t − ℓi,t

)
+ β2

(
ℓ̃i,t − ℓi,t

)2
]

= Zt−1e
− β2

max{epi,t,γ}
Et

[
1 + β2

(
ℓ̃i,t − ℓi,t

)2
]

≤ Zt−1e
− β2

max{epi,t,γ}

(
1 +

β2ℓ2i,t
max{p̃i,t, γ}

)

≤ Zt−1 ,

where we usedEt

[
ℓ̃i,t − ℓi,t

]
= 0 and1 + x ≤ ex. Taking expected values of both sides of the

inequality we haveEtZt ≤ EtZt−1 and sinceEtZ1 the proof is concluded. 2

4.2 Proof of Lemma 2

Let Ti = max{0 ≤ t ≤ n : pi,t ≥ γ} be the last round wherẽpi,t > 0. Therefore,

γ ≤ pi,Ti
=

e−ηL′
i,Ti

∑N
j=1 e

−ηL′
j,Ti

<
e−ηL′

i,Ti

e
−ηL′

i∗,Ti

,

wherei∗ = arg mini=1,...,N L′
i,n. After rearranging we obtain

L′
i,Ti

≤ L′
i∗,Ti

+
ln(1/γ)

η
.

SinceL′
i,Ti

= L′
i,n + β(n−Ti−1)

γ andL′
i∗,Ti

≤ L′
i∗,n +

∑n
t=Ti+1

β
max{epi,t,γ}

we get that

L′
i,n ≤ L′

i∗,n + β

n∑

t=Ti+1

(
1

max{p̃i,t, γ}
− 1

γ

)
+

ln(1/γ)

η
≤ L′

i∗,n +
ln(1/γ)

η
.
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