Bound on high probability regret in loss-bandit game
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Abstract

In this paper the multi-armed bandit problem is considendslounded loss case,
that is, when after choosing an action, the algorithm leamlyg the loss of the
chosen action. An algorithm is given, whose average 103ss liaunds exceeds
that of the performance of the best fix action at most by an atanoportional to

1//n.

1 Introduction

In on-line prediction problems in general, an algorithm teagerform a sequence of actions. After
each action, the algorithm suffers some loss, dependindi@mesponse of the environment. Its
goal is to minimize its cumulative loss over a sufficientlydoperiod of time. In the adversarial
setting no probabilistic assumption is made on how the fesgesponding to different actions are
generated. In particular, the losses may depend on thegpieaictions of the algorithm, whose goal
is to perform well relative to the best action for any possiséhavior of the environment.

In the multi-armed bandit (MAB) setting only the loss of theosen action is revealed for the
algorithm. Aueret al. [2] gave an algorithm, whose average lossnimounds exceeds that of
the performance of the best fix action at most by an amountoptiopal to/N In N/n, whereN

is the number of the actions. This algorithm uses gain instédhe loss and during the analysis
switching was need between the loss and gain.

However in some cases this "gain-loss switching” causebleno. In case of unbounded loss or in
the case when the bound of the loss is unknown it is not pasgitdonvert loss to the gain. Another
case is the shortest path problem (se@@y et. al. [5]) where all paths have to be same length
because of the "gain-loss switching”. We give an algorithhicl uses only losses and it obtains
same convergence rate like the algorithm proposed by [2].

2 The model

The MAB problem considered in this paper is described asvi@dl Suppose an algorithm has to
make a sequence of actions. At each time instanred, 2, . . .,

1. the environment decides on the los8es ¢; ; < 1 of an action; € {1,..., N},

2. the algorithm chooses an actidne {1,..., N},

3. the algorithm suffers loss, +,

4. the algorithm receives feedback on his loss.
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After n rounds the loss of the algorithm and the loss of the actioas ar

n n
Ln = Zzlt,t and Li,n = Zéi,ta
t=1 t=1

and the performance of the algorithm is measured by its rqagireround,% (En — min; Lm).

3 The algorithm

In this section we show a new algorithmR&EN. SHIFT for MAB problem and we give an upper
bound on its performance. The proposed algorithm is a '&tfifiversion of algorithm GEeEN
which was introduced by Allenbeg. al. [1]. GREENIs a variant of the weighted majority (WM)
algorithm of Littlestone and Warmuth [6].

Denote byp; ; the probability of choosing actioh € {1,..., N} at timet in case of the WM
algorithm, that is,
e*TIL:‘,,f,—l
Pig = 42?[:1 e~}
whereL! , is so called cumulative biased estimated loss will be spetifiter. Similarly to the orig-

inal GREEN algorithm GREEN.SHIFT uses alsenodified probabilitiep; , which can be determined
fromp; ¢,

)

~ {0 if pie <7,

Put ¢t pigp Epie >,
wherec; is the normalizing factor and is a positive (time-dependent) threshold. The modified
probabilities inspired the name of the algorithm. Namelyas named after the well-known idiom:
"The grass is always greener on the other side of the fendéete ghe action it did not choose
(ps,+ = 0) that had the best possible payoff (the zero loss).

Denotellt the conditional unbiased estimation of the true loss of emtlon with respect to its

natural filtration, that isE—,t = E{z,,:ﬂ&,:s/ﬁat wherel; is the choice of the algorithm at time
def

according to the distributiop; ; andE, [Et} = ]E{E,tuh .. ,It,l} =Vl
Instead of the unbiased estimate, a slightly smaller gtyaistused by the algorithm. The (biased)
estimated loss is 5

ma’X{ﬁi,ta ’Y} ,

whereg is a positive parameter and the maximum is necessary to awide by zero. Then the
cumulative estimated loss of an action is givenlly, = >_i" , £ ;. The resulting algorithm is
given in Figure 1.

o
Ei,t—gvlt*

s

Theorem 1 For any0 < ¢ < 1 and parameters

In (N/9d) 1 1 /In N
— T 2 < — < < — < N
nN g N’ fsa N and 0 < nN "’

the performance of Algorithm 1 can be bounded with probghdt leastl — 6 as

~ ~ InN
L, < NyL, +260N + (1 + pN)min Ly, +n8nN* + Nn(1/7) + 2N + “n -

In particular, choosing? = znglzv]\{s) Y=0,n= \/Z‘—f\f and ifn > N In(N/6) then we have

1~ 1
= (L,,L ~ min Ln) < 7V/NI(N/6)/n+ 5-Nn(nN) .

For the proof of the theorem we need the following 2 lemmas fiiist lemma is a simple modifi-
cation of [3, Lemma 6.7].



Algorithm GREEN.SHIFT
Letn > 0,8 > 0andy > 0.
Initialization: L , =0foralli=1,..., N.
Foreachround=1,2,...
(1) Calculate the weights of the actions

N
Wit = einLiv"_l 1=1,... ,N and W, = Zwivt .

(2) Calculate the probability distribution

Wyt

it = i=1,...,N.
Dit W, ?
(3) Calculate the modified probabilities
Biy = {0 if pie <7,
t Ct " Pit if Dit = Vs

wherec; =1/ Zm,ev Dit -
(4) Compute the estimated loss forat:1,..., N

bie B o
i . = ZZ . — é N T max{pi,¢,7} if I, =4;
b ’ max{p; ¢, 7} — m otherwise.
(5) Foralli =1,..., N update the cumulative estimated loss

Lglt L/t 1+£zt

Figure 1: Algorithm GREEN.SHIFT for MAB

Lemma 1 Under the assumptions of Theorem 1 for &ny § < 1 we have
J
P(Lg,n>Li,n+5nN)§N7 iE{l,...,N}.

The follwoing lemma is a variant of [1, Theorem 2].

Lemma 2 Under the assumptions of Theorem 1 for the cumulative esrass we have

L' < min L —&—M.
L= =1, N I

Proof of Theorem 1. For the proof of theorem the quantity of VV‘;“' i
0

N
Wt:Zwi,t, t>1 and Wo=N
The lower bound is

N
=In <Z e_”L'/iv"> —InN >1In ( max e_”L',iv"> InN=-n Ilmn L —InN.
1= %
i=1

1)
For the upper bound note that)¢; , < 1 for all i andt, therefore

N N
W hlsz e < lnzpu G+ 170,) < =1 Zpi,tgg,t +n* Zpivtgft :
t—1 — —

)




Next we bound the sums in (2). On the one hand,

N
Dt Dit Pt
lo="% “e et N> (1— Ny, - BN,
Zptzt Iyt 61,2:max{pzt77} = » Iyt ﬂ —( ’7) Iyt 6

Smceplt,t/pfut = 1/Ct = Zj:Pj,tZ’Y Pjt = 1= Zjipj,t<’Y Dj.t >1-Nr.
On the other hand,

N N B 5 pisll,
> pidld = pis (Zi,t - ~) Ge < lrall,, BZ -
i=1 i=1

max{p; ¢, v} < max{pi,, v}

IN

f]t fé[t +5QZ

@

maX{pz 67}

IN

gltatg/lt7t +

N BN
Zfzt+ﬁ—+67

IN

< Zf .+ N+pN,

where the last inequality follows from < ~. Summing ovet =1,...,n,we have that

W, ~ ~
It < =0l + NoyLy +nfnN + PN L, 2N 3)
0

Plug the results of Lemma 2 into (3) we get
In % < —nL, + NyyL, +nBnN + n2Ni:rlr}i.?N L;, +nNIn(1/y) + n*2N . 4
Combining (1) and (4) we obtain
Ly, < NyL, + fnN + (1+nN) min L;, +Nln(1/v) +2nN + % .

i=1,...,N

By Lemma 1 and the union bound we have at ldast¢

~ ~ In N
Ly < N9Ly+ 260N + (14+qN) min Ly, + 760N + Nin(1/7) + 21N + =2
i n
as desired. O
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4  Appendix

4.1 Proof of Lemma 1

For anyu > 0 ande > 0 the Chernoff bounding technique (see, e.qg., [4]) implies
P(L;, > Lin +u) < e @ Eelinlin) (5)
Lettingu = fnN andc = 3, therefore from (5):

e~ CURec(Li n=Lin) — o=B°nNR L], ~Lin) < iEeﬁ(LQ,n*Li,n)
— N )

where the inequality comes frowi n(N/3) < 3. Thus it suffices to prove that
EePLin—Lin) <1.
Fort = 1,...,n, introducing, a random variablg, = ¢?Zi:=Li.) we clearly have
Zt = e’B(%t_e“)Zt,l.

Note that3(¢; , — £;;) < 1 because

5 (&,tﬂ;{lt—i} _ Ef v ) < ﬂflt,t < BLr, + <1

Pit maX{Pi,u Ve } Pr,t Y

where the second inequality comes frohx . Moreover,e® < 1 + x + 22 for x < 1 therefore

G B _,
EiZ:] = Zi1Ey {65@” max by, 7] Lt }
52 [ A7
= Z, e "o, eﬁ(fz‘,t*&,t)}
___ B r ~ o [~ 2
< 2o PO 14 (B b2) + 0 (B 1) |
___B* 2
Zy_qe mBX{p”’W}]Et 1+ 52 ( it — 4 t) }
___ 8 202
< Zi_je mmoeY [ 14 %Z’t
max{p; ¢, 7}
S thl )
where we usedEt it — Vit =0andl 4+ z < e®. Taking expected values of both sides of the
inequality we havéE, 7, < EtZt_l and sincek, Z; the proof is concluded. O

4.2 Proof of Lemma 2

LetT; = max{0 <t <n:p;; > v} bethe last round wheig ; > 0. Therefore,
e—UL;,Ti e_UL;,Ti
Y<piT = —— < —,
Z;\lzl N A

wherei* = argmin;—; _ n L;’n. After rearranging we obtain

Ly <L 4 @/

SinceL; ;, = L, + M andLj. p, < Li. , + >0 7 4y m we get that

, 1 In(1/y) _ ., In(1/7)
Lin<LintB Z (max{pmv}_>+ n < Lin no

t=T;+1 v



