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Preface

This is a book about the L., convergence of density estimates that are based
on a sample of R%valued independent identically distributed random
vectors. In it, we try to develop a smooth L, theory because the better
studied L, theory has led to various anomalies and misconceptions. The
book is not an exhaustive description of all known L, results, but rather a
collection of observations with emphasis on those results that lead to a
better understanding of density estimation. Of course, by intentionally
limiting ourselves to the L, theory, we are omitting some interesting and
often profound work on nonparametric density estimation.

Although we hope that this book is entertaining in places, most of it, in
fact, is rather dull except perhaps to the odd technical fanatic. Thus, we do
not recommend it for class notes or for reading during TV commercials. We
had to make a few sacrifices for the goals that we set ourselves-—concise-
ness, generality, and optimality. For example, shallow results padded with
unnecessary conditions, as a rule, have simple and short proofs. To gener-
alize the results and get rid of the convenient conditions, sometimes long
devious paths must be followed. In doing so, one often stumbles on nice
tangential results worth reporting, and before one realizes it, the whole
enterprise becomes a nearly impenetrable technical jungle. The book grew
out of excitement and enthusiasm: excitement every time one of us closed a
gap or crossed a bridge, and enthusiasm about simple things such as
beautiful inequalities. Our excitement and haste are thus to blame for any
errors that the reader may discover,

In our choice of topics and selection of mathematical tools, we were
influenced by the original papers on nonparametric density estimation
(Parzen, Rosenblatt), by the modern French school (Geffroy, Bosq,
Deheuvels, Abou-Jaoude, Bretagnolle, Huber, Birgé), and by some scattered
relatively recent work on related topics (Geman, Steele, Stone). We would
like to thank the people who have directly helped us through discussions
and lectures: Terry Wagner, Sandor Csibi, Clark Penrod, Paul Deheuvels,

vii



viii Preface

Adam Krzyzak, Peter Hall, and Godfried Toussaint. We would also like to
thank NSERC Canada for its generous grant support and McGill Univer-
sity for not taking any overhead charges from this grant. Finally, we would
like 1o thank a number of colleagues and friends who, often without
realizing it, have contributed to our understanding of density estimation via
personal discussions: Alain Berlinet, Lucien Birgé, Denis Bosq, Jean
Bretagnolle, Pat Brockett, Gérard Collomb, Tom Cover, Ben Fox, Stuart
Geman, Piet Groeneboom, Wilirid Grossmann, Antomo Gualiieroitl,
Catherine Huber, Jean-Pierre Lecoutre, Fred Machell, Manny Parzen,
Georg Pflug, Pal Révész, David Scott, Mike Steele, Jim Thompson, and
Wolfgang Wertz.

Luc DEVROYE
LASZLO GYORFI

Montreal, Canada
Budapest, Hungary
October 1984
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“HAPTER 1

Introduction

“here is a vast literature on nonparametric density estimation, and any
-2k on this topic is necessarily of limited scope. This book is no exception.
- our selection, we were gnided by general principles: for example, we
-..bbornly treat all densities as members of L, and not of L, or L asis
done elsewhere. We also do not cover estimates that are not densities since
we believe that a density should be estimated by a density. Because L, is the
natural space for densities, an in-depth treatment of its properties leads to a
>ry smooth theory, uncluttered by unnecessary conditions. We will try to
state all our theorems in their most general (simplest) form,
This book deals with the following problem: we are given data X,. .., X,
mdependent identically distributed random vectors taking values in R? and
having a common density f. A density estimate is a sequence f,. f5,...,

where for each n, f{x)= f(x; X|,..., X,) i5 a real-valued Borel measur-
able function of its arguments, and for fixed n, X),..., X, f, is a density
on RY.

Our choice of the L, distance J, = f|f, — f| is motivated by its invari-
ance under monotone transformations of the coordinate axes and the fact
that it is always well-defined. Consider, for example, two random vectors X
and Y with densities f and g, respectively. Now apply the transformation
T: R?> R? 10 X and Y, where T is sufficiently rich, that is, if & is the
class of all Borel sets of RY, then {T"!B|B € #} = & (this implies that the
transformation is one-to-one). The densities of 7(X) and 7T(Y) are f* and
2*, but regardless of T we have

fir=g1=fire =g (1)

In particular, for d = 1, /, is invariant under continuous stricify monotone
transformations. Property (1) is a corollary of the following theorem:
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THEOREM 1 (Scheff¢, 1947).  For all densities f and g on R,

fo—fBg

Proof. Let B={f> g}, and let 4 € #. Because [(f—g)=0, [|f - gl
= 2{u(f — g), and, thus, (2) follows with “ <  instead of “ = . Also,

Sl - 0+1, -]
ol 0] o0

smMLQJ—gLng—H]=%ﬁf—m.ML4EQ,

: (2)

Jif = g1=2sup
Be®

where B denotes the complement of B. This completes the proof of (2).

The invariance property (1) follows easily:

A L Y SVa Y
f/-Jel= -

In other words, when ¢ = 1, we can draw the graphs of f and g on any
linear or nonlinear scale of our choice, or even consider transforms
7: R — [0,1] and draw the transformed densities conveniently on {0, 1], and
get a visual idea of the size of J, by taking a quick look at the size of the
area lying between the graphs of the densities. Also, Theorem 1 relates the
L, distance between f and g to the maximal error committed if we were to
estimate the probabilities of ali the Borel sets using f and g, respectively.

Consider now the L, distance (f|f — g|”)'/?, and replace X and ¥ by
aX and aY where a # ( is a scale factor, and our dimension is !. Thus, the
density of aX is f*(x) = (1/a)f(x/a). Therefore,

fir* - &%= 2sup = 2sup
B B

= 2sup
B

/p

(f’f* _ gtlp]I/P - a(l—p)/p(flf_ g'P) o (3)

Except for p = 1, all L, distances depend upon the scale that is used. They
cannot be compared with each other on a universal scale, such as the one
provided by (2): for example, when a density estimate is used to estimate f,
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and is then used to estimate g, the comparison between f(f, — /)’ and
f(f, — g)* is meaningless, because of (3). Yet, by Scheffé¢’s Theorem,
f1f, — fland [|f, — g| can be compared in an absolute manner. It is thus
conceivable to declare that a given density f is easier to estimate with a
given f_ than g.

The reader will have no difficulty with the proof of the following
statement: for any { and any g > 1, there exist sequences of densities f,
and g, such that f|f,— f1L0. f1f,— fI? 1w, flg,—fI=c> 0. and
f1g, — 17 L 0. Thus, simple relations or inequalities between the L, dis-
tance and the L, distance do not exist,

Density estimates are all based upon the Lebesgue density theorem:
when S, is the closed sphere of radius 4 centered at x, and A is Lebesgue
measure, then

o f)dy ' .
E{%Lﬂ A (S.,) =f(x), almostall x. ()

The quantity on the left-hand side of (4) is P(X; € §,,)/A(S,,) and can
thus be approximated by

n iy es,

fulx}= ,EEA_(S;S (%)

where I is the indicator function. Estimaie {5) was suggested by Rosenblatt
in 1956. For a good approximation in (4) it is necessary that 4 be small.
Yet, when 4 is small, the variance of (5) increases because fewer points are
expected to fall in S,,. In the choice of &, one must balance both effects,
and this creates interesting theoretical problems.

In Chapter 2, general approximation theorems of the type (4} are
presented. In Chapters 3, 5, and 6, two estimates are considered in parallel,
the kernel estimate and the histogram estimate. In particular, we give
necessary and sufficient conditions on # for all types of convergence of J,
(Chapter 3), rate of convergence results for E(J,) featuring a universal
lower bound for lim inf, , n*°E(J,) for all kernel estimates and all
densities f (Chapter $), and convergence theorems for kernel estimates in
which 4 is chosen as a function of the data {Chapter 6).

In Chapter 4, we show that for all density estimates, E(J,} can be forced
to tend to O at any prespecified rate merely by choosing f in an appropriate
class of densities such as the class of all infinitely many-times differentiable
densities, or the class of all densities with support in [0, 1] bounded by 2.
Thus, there does not exist an estimate, however sophisticated, for which
E(J,) decreases at some given rate for all f. For the study of rates of
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convergence of E(J,) we have to impose conditions on f, and by the results
of Chapter 4, it is clear that tail conditions alone, or smoothness conditions
alone, are not sufficient. The remaining chapters illustrate the basic theory.

Chapters 7 through 12 can be read in any order and have varying levels
of sophistication depending upon the intended readership. In Chapter 9, we
discuss the transformed kernel estimate. In Chapter 12, severai estimates
related to orthogonal series expansions are given. Other estimates are
described in Chapter 7. Chapters 8, 10, and 11 are more application-ori-
ented. In Chapter 8, for example, we tackie the problem of the use of f, in
simulations.

In Chapier 10, we show that every density ¢stimate has its analogue in
discrimination, and that there is a close connection between the probability
of error in discrimination and J,. Finally, in Chapter 11, we consider among
other things some applications in detection theory.

Many topics are not covered, and many questions are left unanswered.
The most important emissions include an asymptotic distribution theory for
J,, a law of the iterated logarithm for J,, results about the rate of
convergence of £(J,) in higher dimensions, methods for estimating ./, , and
confidence intervals for J,.

Each chapter has its own list of references. Additional references about
other properties of the estimates treated here (such as their behavior when
X, .., X, are not independent; or L properties for 1 < p < oo; or laws of
the iterated loganthm) or about other estimates can be found in the
monographs of Wertz (1978), Tapia and Thompson (1978), Nadaraya
(1983), Prakasa Rao (1983), and in the survey papers and bibliographies of
Cover (1972), Fryer (1977), Foldes and Révész (1974), Leonard (1978),
Révész (1972), Tarter and Kronmal (1976), Wegman (1972a, 1972b), Weriz
and Schneider (1979) and Bean and Tsokos (1980),

Within each chapter, the formulas are numbered (1), (2}, (3), and so on,
and the theorems are numbered 1, 2, 3, and so on. When we refer to
Theorem 3 within a chapter, we mean Theorem 3 of the same chapter.
Otherwise, we will add the chapter’s number as in Theorem 2.3. The -
chapters have the following dependence structure: 2 is necessary for 3, 4,
and 6; 3 is a prerequisite for 7 and 10; 4 is needed for 5; and 5 in urn is a
prerequisite for 8 and 9.
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CHAPTER 2

Differentiation of Integrals

The most important tool in our analysis is Lebesgue’s density theorem (1.4).
All the results of a similar type are collected in this chapter. For proofs and
illuminating discussions, we refer the reader to Chapters 7 and 9 of
Wheeden and Zygmund (1977) and Chapters 1-3 of de Guzman (1975). See
also Shapiro (1969), Stein (1970), Hayes and Pauc (1970) and de Guzman
{(1981). Throughout this section, A is Lebesgue measure on R¥, K is a Borel
measurable function on R¥ f is a density on RY, h > 0 is a positive
number, K,(x) = (1/h*)K(x/h), and “ »” is the convolution operator, for
example, when K € L (A),

foK(x) = [1(n)K(x = y)dy = [K()f(x = y) .

THEOREM 1. Forall functionsf, g € L{(A), f|f*g|l < [If{[f|gl(Young's -
ineguality). For all f, K € L,(A) with (K = 1, we have

Ii «K, — f|=0.
lim f1f « K, = /1= 0

Proof. The first inequality follows by a change in the order of integration
(which is justified for nonnegative integrands):

dx < [ fI7()]18(x = y)|dydx

f’ff(y)g(x-y)dy

=f|f(y)lflg(x —y)dxdy =f1glflfi-
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We first prove the second statement of Theorem 1 for continuous f
vanishing outside a compact set. Let «(#) be the modulus of continuity of £,
w(t) = supy, < /f(x) — f(y)l. and let m be a large number. Split X into
K' + K" where K’ = KIjy, < i1 K7 = KIjj > sy Clearly,

fire g, =115 f| s K~ 1 i)

The last two terms of (1) do not exceed 2[|K}'| = 2f]K”|, which can be
made as small as desired by choice of M. The first term on the right-hand
side of {1) is o(1) because it equals, for some large compact set 4,

fJr-ss-1{ )

+ ik + [rikn )

< [ Jilx = 9) = FOUKiL ) dy

o(Mh) [ [IKi(y)]dsdx

< w(Mh)A(A)ﬁm =0(1).
For all f, and all continuous g with compact support, we have

fi7 K —11< fif = glx 1Kl + f1f = g1 + fIg = Ky~ sl

< (fixr+ 1) fir= 51+ 0t0),

and this can be made as small as desired by choice of g.

THEOREM 2 (Lebesgue Density Theorem).  Let & be a class of Borel sets
of R having the following property.

A (smallest cube centered at O containing B)

su < Q.
pes A(B)

Then, for any sequence of sets B, yrom & with A(B,) — 0, we have

kli,n; LJerlf(y))\(;f;)ldy 0, almost all x. (2)
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Thus also,

k]inc':c L+Bkj;\((yﬂ?:;y =f(x), almost all x. (3)

The points for which (2) and (3} are valid are called Lebesgue points for f,
The set of Lebesgue points depends only upon f.

For the proof of Theorem 2, see Wheeden and Zygmund (1977, pp.
108-109). It is noteworthy that for & we can take all spheres centered at
the origin (in which case we obtain the classical version of the Lebesgue
density theorem), or all sets of the form a4 where ¢ > 0 and A is a fixed
compact set of R“ but that we cannot take all rectangles containing the
origin.

THEOREM 3. Let K € L (A) with {K = 1. Assume that K has an integra-
ble radial majorant ¢ € Li{(A)(¥(x) =3up| 1l K(¥)D. Then

f*K,—>f ash |0 foralmostall x.

Theorem 3 is due to Stein (1970, pp. 62-63). It is, for example, sufficient
that K is bounded, in L;(A), /K =1 and K(x) < a/||x|**" for some
e > 0, @ > 0. This is the version found in Wheeden and Zygmund (1977,
pp. 152-153). Of course, for bounded K with compact support, Theorem 3
is a simple corollary of Theorem 2.

Theorem 4 is the converse of Theorem 1,

THEOREM 4. Let K be a density on RY. Then [|f« K, — f| > 0 for all
h > 0, and when h = h, is a sequence of numbers, lim, _, _[|f* K, — f| =
implies h — 0.

Proof. Let ¢ and ¢ be the characteristic functions of f and X, respec-
tively. Thus, f * K, has characteristic function y(Az)(t), ¢ € R” Clearly,
[1f* K, — f| = 0 implies that f= f= K, for almost all x, and thus that
o(t) = ¢{1)¢(ht) for all t € RY. For ¢(r) + 0, that is, at least in a
neighborhood of the origin, ¢(Af) = 1. But since 2 # 0, this implies that
cannot be the characteristic function of a density on RY and we have a
contradiction. This proves the first part of Theorem 4.

To prove the second statement of Theorem 4, we assume first that
limk = <. By Fatou’s lemma, [|f* K, — f| — 0 implies iminf|f* K, —
f| = 0, for almost all x. But since f + K, — 0 for almost all x, we must have
f = 0 for almost all x, and this is impossible. Assume next that limh = ¢ €
(0, 0). Cleatly, f|f* K, ~ fl= [If* K, = fl= [If* K.~ [+ K,| By the
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first part of the theorem, it suffices to show that [|f+=K - f*K,|—= 010
reach a contradiction, thereby concluding the proof of Theorem 4. Let K’
be a continuous function with compact suppert. By Theorem 1, and the
Lebesgue dominated convergence theorem,

K.~ oK< fIK - k)|
< fik.~ Ky + [1K. - K1+ [1K; - Kl
=2[ik - K+ [IK - K|

=2f|K-Kl+0(1). 0

The last expression in the chain of inequalities (4) can be made small by
choosing K’ close enough to K in L;(A).

To study the histogram estimates, we need some martingale convergence
theorems. Consider a sequence of partitions &, = {A,, j=12,...},
n > 1 with A(4,,) € (0, o) for all #, j, and all 4, are Borel sets of R4
The sequence is said to be nested when £, , is a refinement of 2, for all
n. It is called cubic if there exist positive constants a;,...,d, and a
sequence of positive numbers h = A, such that each 4,; is of the form
M9 .lak;h, a,(k; + 1)h) where k,, ..., k, are integers. In what follows, we
let &, = a(#,) be the o-algebra generated by #, &, = o(U ,,, %, ), and
@ = class of all Borel sets of R9. Throughout, we assume that

&= ﬁ z. ' (5)

Condition (5} states that the sequence of partitions must be rich enough.
Consider the function

gn(x)=L”A(£nj)’ x €A, | (6)

For sequences of partitions satisfying (5), Abou-Jaoude (1976) has proved
the following strong analogue of Theorems 1 and 4.
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THEOREM 5 {(Abou-Jaoude, 1976),
Jig2 =110 forall densities f

if and only if for all A € & with 0 < A(A) < o0 and for all € > O there exists
an ny such that for all n > n, we can find an A, in B, with A(AAA,)) < ¢
(here A denotes the symmetric difference}.

Theorem 5 is proved in Abou-Jaoude (1976, pp. 216-219).

THEOREM 6. For a cubic sequence of partitions, (5) is satisfied and
[18, — f1 = O for all densities { if and only if lim h = 0.

Proof. First, it is clear that im & = 0 is necessary and sufficient for (3). For
example, the sufficiency follows from the observation that M 7., %, contains
all sets of the form [14 (- 2, x,) for all x = (x,,...,x,) € RY, and that
these sets generate the Borel o-algebra.

Thus, we will just check the condition of Theorem 5. Because A is a
regular measure on R¥ (i.e., all Borel sets are decreasing limits of open sets),
we should only consider bounded open sets O. But every set O is a
countable union of rectangles. Thus, for every £ > 0 there exists a finite
collection of rectangles R, ..., Ry such that A(O — UL R} < e Thus, it
suffices to establish the condition of Theorem 5 for a finite number of
rectangles, and, in fact, for one rectangle. But for one rectangle, the
condition is trivially satisfied.

We should mention here that for cubic sequences of partitions, nested or
not, g, — f for almost all x, by a trivial application of Theorem 2.

We have seen that pointwise convergence theorems usually require more
conditions than integral convergence theorems, for example, compare Theo-
rem 3 with Theorem 1. This is because pointwise convergence is a concept
that is strictly stronger than I, convergence:

THEOREM 7 (Scheffé, 1947). Let f, be a sequence of densities on RY
tending almost everywhere 1o a density f. Then [|f, — f]| = 0.

Proof. By Theorem 1.1, [|f, — fil=2f. (f—f)— 0, where we used
the Lebesgue dominated convergence theorem.

THEOREM 8 (Glick, 1974).  Let f, be a density estimate on R, and let f be
a density on R%. If f, = f in probability as n = oo, for almost all x, then
{If, — f| = O in probability (and thus in the mean) as n — o0. If f = f
almost surely as n = oo, for almost all x, then [|f, — f| — O almost surely as
n — 0. .
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Proof. We will write (), for the positive part of a function. By assumption,
(f = /f,).— 0 in probability for almost all x. Since (f — f,), < f, we thus
have E{({ f — f,), )} — 0 for almost all x, by the Lebesgue dominated conver-
gence theorem. But by another application of the Lebesgue dominated
con(\)fergencc theorem, E(f1f, — f=EQf(f~£).)=2f/EW(f— f)})
For the second part of the theorem, we let (2, %, P) be the probability
space of X;, X;,..., with probability element w. By Fubini’s theorem,

P{w: f,(x)» f(x)) =0 foralmostall x(A}
if and only if

{{w,x): f,(x)» f(x)} has P X A measured
if and only if

A(x: f,{x)» f(x)) =0 foralmostall w(P).

Let & be the last set of w’s. By the Lebesgue dominated convergence
theorem, f|f, — f| — 0 for all w € . The theorem now follows since
P(2)=1.
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CHAPTER 3

Consistency

1. KERNEL ESTIMATE

The kernel estimate (Parzen, 1962; Rosenblatt, 1956; Cacoullos, 1966) is
defined by

£ = (') * 5 (257),

where i1 = h, is a sequence of positive numbers, and K is a Borel measur-
able function (kernel) sausfying K > 0, fK = 1. The main result of this
section is that for the kernel estimate all types of convergence to ¢ for J, are
equivalent. Theorem 1 given below states that either J, — 0 completely for
all f, or J, does not converge (0 0 in probability for a single f. There is no
intermediate situation. A weak analogue of Theorem 1 for histogram
estimates is given in Section 3. Theorem 1 was first published in Devroye
(1983), but some key ideas go back to Abou-Jaoude (1977).

THEOREM 1. Let K be a nonnegative Borel measurable function on R?
with {K = 1. Then the following statements are equivalent.

(1) J, = 0 in probability as n = oo, some [,
(i) J, — 0 in probability asn — oo, all f.
(i1} J, — 0 abnost surely as n — oo, all f.
(iv) J, = 0 exponentially as n — oo (i.e., for all ¢ > 0, there exist
rony >0 such that P(J, 2 e) s e” ™ n = ny), all .
(v) lim h=01lim,_ nh?’=o0.

In (iv), r can be chosen independently of f. Also, (v) implies (iv) when K is
merely absolutely integrable and [K = 1.

REMARK 1. We will show that (v) implies that P(J, > ¢) < e~ for all
e € (0,1) and all n = ny, where n, depends upon f and e For fixed f,

12
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~ere exist functions A (&) and cy(e) such that for
cole) 1
(%)) < h < hy(e),

s exponential bound is valid. Thus, for a given e, A may remain constant
-nd the exponential inequality remains valid nevertheless.

. PROOF OF THEOREM 1

e will try to extract the key facts needed in the proof of Theorem 1. They
_¢ condensed into several lemmas of independent interesi. We will also
~¢2d Theorems 2.1, 2.2, and 2.4. The implication (i) = (v} is ¢stablished in
Lemma 3, and (v} = (iv) is proved in Lemma 2. Since clearly, {(iv) =» (iii) =
i1} = (1), this completes the proof of Theorem 1.

Throughoeut this section, we will use the notation

8 (x) = E(4,() = [n k(52 )s() . ()

LEMMA 1 (A Multinomial Distribution Inequality). Let (Xi,..., X,) be
a muitinomial (n, p,, ..., p,) random vecior. For € € (0,1} and all k satisfy-
ing k/n < € /20, we have

k
P( LIX - E(X)|> ne) < 3emm/,

i=1

Proof. The proof is based upon a Poissonization. Let N be a Poisson (n)
random variable independent of U, LL,..., a sequence of independent
{1,..., k}-valued variables distributed according 1o P(U, = i)=p,. 1 < i
< k. Let X, be the number of occurrences of the value i among U, ..., U,
and let X; be the number of occurrences of the value / among U}, ..., U,. It
is clear that Xi,..., X, are independent Poisson random variables with
means np,,...,np,, and that X, ..., X, is a multinomial (n, p,,..., p,)
random vector. We have

k k

1 , .
> pl % el = 2 —IX X1+ E ;IX = np. (2)
Fa1 ;‘-1 i=1

Now, when U is Poisson (A), then for ¢ > 0, E(eW~) < E(eV~1 +



Proof of Theorem | 13

there exist functions k() and co(e) such that for

1/d
cole
(ﬁ) < h < hy(e),
n
this exponential bound is valid. Thus, for a given e, # may remain constant
and the exponential inequality remains valid nevertheless.

2. PROOF OF THEOREM 1

We will try to extract the key facts needed in the proof of Theorem 1. They
are condensed into several lemmas of independent interest. We will also
need Theorems 2.1, 2.2, and 2.4. The imphcation (i) = (v) is established in
Lemma 3, and (v) = (iv) is proved in Lemma 2. Since clearly, (iv) = (iii) =
(11) = (i), this completes the proof of Theorem 1.

Throughout this section, we will use the notation

8(x) = E(f(x) = [n k(52 )10 . (1)

LEMMA 1 (A Multinomial Distribution Inequality). Ler (X,,..., X;) be
a multinomial (n, p,,.... p,) random vector. For ¢ € (0,1) and all k satisfy-
ing k/n < &*/20, we have

k
P( YIX - E(X)| =2 ns] < 3e e/,

iml

Proaf. The proof is based upon a Poissonization. Let N be a Poisson (n)
random variable independent of U, U,,..., a sequence of independent
{1,..., k}-valued varables distributed according to P(U; =i)=p,, 1 < i
< k. Let X, be the number of occurrences of the value i among U,,...,U,,
and let X be the number of occurrences of the value i among Uy,..., U,. It
is clear that Xj,..., X; are independent Poisson random variables with
means mpy,...,np,, and that Xj,..., X, is a multinomial (n, p,,..., p;)
random vector. We have

k k
Slxomic S hx-x+ Shx-me @

i=1 fa=] i=1

Now, when U is Poisson (A), then for ¢ > 0, E(eV ™M) < E(eY M +
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efA- Uy = M- Dmh g GMeT A o DpMe'-1-0) hecause e+t < !
— t. Thus,

P(JU = Aj 2 Ae) < E(e'W-M-rhe) < 2 Reghe™~170)
= JeMe—(rohd+o) o 28—)\.-"/2(1“) < 26—1\#/4‘ (3)

where we took 7 = In(1 + ). By a repetition of the previous argument,

k1
P(E ;IX,—np,-Ize)

i=1

2e

SP(|Nﬁn|2n5

|+ P

k 3¢
21X —apl =
& 5
i=1
k
< 27"V 4 4 gm0/ T (2e™4°-19)  (by (3))

i=1

< PRI 4 Qkgnle'=1—1-3e/5)
< 2e7/ 4 gk n3e/5) /4 (for r = In(1 + 3e/5)}
< 3¢ /% (when k < ne?/20). C))

LEMMA 2. For any density f on R, and any absolutely integrable function
K with (K(x)dx =1, (v} holds whenever

limA=0 and lim nh= .

R—=oC n-—cG

Proof. Let g, be defined as in (1). By Theorem 2.1, it suffices to show that
[1£,(x) — gs(x)|dx = 0 exponentially. Let p, be the empirical probability
measure for Xj,..., X,, and note that

1i(x) = b (KT Jua(a).

For given € > 0, find finite constants M, L, N, a,, ..., a, and disjoint finite
rectangles A,,..., Ay in R? such that the function

K*(x)= T ad, ()

i=1
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satisfies: |K*| < M, K* = O outside [— L, L]¢ and [|K(x)~— K*(x)|dx <
e. Define g and f as g, and f, with K* instead of K. Then

J14,(0) = go(x)1dx < fi£,(x) = fr(x)ide + [1£7(x) - gr(x)1dx
+ [l (x) — g (x)ldx

< [ fie (257 - k(2 ) v

+ [n f|K*(

+ [I£x(x) = gr(x)1x

)— K(E;—y)mn(dy)dx

s 26+ fif3(x) - gh(x)1dx

by a double change of integral. But if g is the probability measure for f,

Wl f)dy - "deH,,A.""(dy)l“"

Ji72(x) = gx(x)tax < )_Ella.-lf

< Mh™ "Zflp(x+hA) p,(x + hA)|dx.

=1

Lemma 2 follows if we can show that for all finite rectangles A of R¥,
h"’fl,u(x + hd) — p,(x + hd)|dx = 0 exponentially as n — oc.

Choose an A, and let € > 0 be arbitrary. Consider the partition of R¢ into
sets B that are d-fold products of intervals of the form [(i — 1)A/N,ih/N),
where i is an integer, and N is a new constant to be chosen later. Call the
partition ¥. Let

A= ]_[[x,,,+a) minaiz-z—
i N
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and

d

A4*=]][x,+ 1/N,x; + a,— 1/N).

il

Define
C.=x+hd—- | Bcx+h(da—4*)=C
BEY
BCx+hd

Clearly.

flu(x + ha) =, (x + ha)|dx

< L Ik(B) = ma(B)ldx + [(w(C) + ma(C2)) d.
BCx+hAd

)

The last term in (3) equals

A(A(A = 4%) = 2h°N(4 - 4*) = z;,d(ill a, ﬁ(a _M))

i=1

il

=1

-1

d
< 4hN(4) Y S < enf
i=1

by choice of N, We used the fact that for any set C, and any probability
measure » on the Borel sets of R, {¥(x + hC)dx = A(hC). For any finite
constant R > 0, we can bound the first term in (5} from above by

T Ika(B) -u(B)ngx+de

Be¥
BN Sy * @

_’; dx(p,(Sz) — m(Ssr) + 2(S5z))- (6)
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Here (-)° denotes the complement of a set. Clearly, &~ %z (., padx < A(A),
and u(Sgp) < € by cur choice of R. Also,
P(1,(S5) = n(S5a) > e} s €72

by Hoeffding’s inequality for binomial random variables (Hoeffding, 1963).
Finally, since the coliection of sets B € ¥ with B N S, # & has at most
(2RN/h + 2)4 = o(n) elements, we see that by Lemma 3, for all n large
enough,

Pl T Ip,(B)-p(B)>¢| < 3e /B,

Be¥
BNSyp* 2

Now collect bounds. This concludes the proof of Lemma 2.

LEMMA 3. Let K and f be densities on R%. If J, — 0 in probability as
n — oo, then lim, , . h =0 and lim, _ , nh = .

Proof. Since J, <2 for all n,J, — 0 in probability if and only if
Hm E(J,) = 0. Define g, as in (1). Then

n—o

E(1) = B fifu(x) = (s ) > fIECA(x)) = £l

= fig(x) - f(x)|dx.
By Theorem 2.4, we conclude that lim,, ,  # = 0. This will be assumed for
the remainder of the proof. For the second part, we note that by Theorem
2.1, E([{f,(x)— g,{(x)[dx) — 0. Let M be a large number, and let K*(x)

be defined as K(x)/ gy, < o) Define £¥ and g as f,, g, with K* instead
of K. By Theorem 2.1,

J1£0x) = g )dx = [1£2(x) = gr(x)ldx = [1£,(x) = f2(x)1dx
— flga(x) - g1 (x)|dx

= fif2(x) - g7 (x)idx — 2 fIK(x) = K*(x)l .
(7

Let us introduce some more notation: L is another large number, A is the
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event thatno X,,1 <7 < n, belongsto S, ,,. K" = K*/; , K" = K* - X',
and f; and f;’ are defined as f, after replacement of X by K’ and K" in

the definition. Clearly,
JEQR (x) = gi(x)1dx) = [E(1£(x) ~ gr(x)\L,) dx

2 [er(x)P(A)dx — [E(f(x)1,) dx

=0~ V. (8)

We will need the following facts, all corollaries of Theorems 2.2 and 2.3:
for bounded K* with compact support, gF(x) = f(x)/K*(x) dx, almost all
x, and u(S, 4, 42 )/AS, .4, 42) = f(y) for all z € R? and almost all
y € R% Let C be the volume of S, 1» and assume that lim, _, , #h“ = s €

[0, 20). By Fatou’s Lemma, we have

liminf ¥, >fhmmfgh(x)]1mmfP(A)dx

R— ¢

= J1(xYlimint (1 = p(S,,,))" dx [K'(2) de

>ff(x)exp( hmsup(“ﬂ(—“i)l—))) dfo’(z) dz

=ff(x)cxp(—sCLdf(x)) dxfso K*(z)dz. (%)
Also,
v, st Elh “'K”( ;X")I,')dx

= a5 My es,, Sy (= (8,0 e

=fIf K = - p(San)" dxdy

<10, K ep(~(n = Du(S,unenr)) ey (10)

The integrand of the inner integral of (10) is bounded by an integrable
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function, K”. Thus, by the Lebesgue dominated convergence theorem and
an earlier remark, we can conclude that

limsup ¥, < [f(y) [ K*()exp(=sCLY(y)) dzdy

n—x

= [Iep(=scLf () # [ Kz)dz. (1)
Combining (7), (8), (9), and (11) gives

timinf [E(1f,(x) = 2,(x)1) dx + 2fIK(x) = K*(x)ldx

> [£(x)exp(—sCL(x)) dx(lf; K*(z)dz — 1). (12)
Since M was arbitrary, we have

imint [E(14,0x) ~ s e > [ (2] K= 1).

Now, choose L finite but large enough so that f; K > 4. Then, in order
for the right-hand side of the last inequality to be 0, we must have s = oo,
and this is a contradiction. Thus, no subsequence of nk? can tend to a finite
limit s, and therefore, we must have lim, _, _ #h? = co.

3. HISTOGRAM ESTIMATE

The histogram estimate is defined by a sequence of partitions &, = {4, .,
J=12...},n=1, where all 4,’s are Borel sets with finite nonzero
Lebesgue measure. We assume that the sequence of partitions is rich enough

such that the class of Borel sets {#} is equal to
N 0( U 9’,,,), (13)
n=1 m=n

where we use the symbol ¢ for the o-algebra generated by a class of sets.
The histogram estimate is defined by
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and its expected value is

80 = EUL(0) = [ sy xS

Abou-Jaoude (19764, ¢} prove the following.

THEOREM 2. Assume that the sequence of partitions &, satisfies (13}.
Then the following conditions are equivalent:

() J, — 0 in probability as n — o0, all f.

(iiy J, = 0 almost surely as n — oo, all f.

(i) J, > 0 exponentially as n = o (see Theorem 1), all { (as in
Theorem 1, the exponent can be taken independently of f and of the
partition).

(iv) For all A € B with 0 < A(A) < o, and all € > O there exists ngy
such that for all n > ny we can find A, € o(P,) with N(AAA,) < ¢,

(14)
and

sup limsup}\( U 4, N C) =0. (15)
M>0 n- g FMA,NCYSM/n
all sets C of
finite Lebesgue
measure

Our proof differs from Abou-Jaoude’s only in the details. For example,
the powerful Lemma 1 provides us with a shorteut. Conditions (14) and (15)
are sometimes easy to check. Consider, for example, the cubic histogram
estimate where each A, ; is of the type 114, la,kh, a,(k, + 1)k) where the
k;’s are integers, & is a smoothing factor as for the kernel estimate, and the
a,’s are positive constants. In Theorem 2.5, we have shown that (14) holds
for this estimate if and only if

lim A =0.

n—*o0

Furthermore, it is easy to see that (15) holds if and only if

lim nh* = oo.
n—rx

We should point out that in another paper. Abou-Jacude (1976b) has
given similar necessary and sufficient conditions for weak convergence in L,
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of histogram estimates in R' in which the partitions depend upon the order
statistics of X|,..., X,,. See Theorem 7.3,

4 PROOF OF THEOREM 2

We aiways have £(f|f, — f]} = fig. — fI. Now, by the boundedness of J,,
convergence in the mean and in probability to 0 are equivalent. Thus,
(i) = (14), by Theorem 2.5. Since obviously (iii) = (ii) = (i), we are just left
with the proofs of (iv) =» (iii) and (i) = (15). Again, this will be done in two
separate lemmas.

LEMMA 4. (iv) = (iii).

Proof. We know that [|g, — f| = 0 (Theorem 2.5). Thus, it suffices to
show that f|f, — g,] = 0 exponentially. Let pu, be the empirical measure
for X,,..., X, and let p be the probability measure defined by f on the
Borel sets of RY. We have

J17, = gl = Yol 4,)) — n(4,,)1.

Divide the positive integers into two sets, H, and its complement H;, where
H, collects all integers j for which A(A4,,C) > M/n. We have

Jitfi -l s ¥ oin(4,) - w41+ Z (wa(4,,) +6(4,)

JEH, jeH;
< 2 nl(A,) = (A4, + 2p(4,) +i,(4,) - n(4,)],
JEH,

(16)

where A, = U,y A,

Since A(A4,, N C) > M/n for j € H , H, cannot have more than 1 +
nAC)/M members Also, {np,(A4,); npn(A,UC),j € H,} is multinomi-
ally distributed. Therefore, by Lemma 1, when

A(C) &?
M + 5-2'6, (17)

we have

P Z In(40) =m0 s 42) = (41> () < 3exp( - 3 ).
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We can make (A, ) as small as desired by choice of C. Indeed,

p(A,) = p(4, 0 C) +p{4, 0 C) < 0(1) + p(C), (18)

where the “o(1)” part follows from (15) (which states that A(4, N C) =
o(1}) and the fact that g is absolutely continuous with respect to A.

Thus, for given ¢ > (0, choose ¢ such that (18) < € + o(1), and then
choose M so that (17) holds for all » large enough. Combining all the
inequalities in (16) gives

ne’
P(ﬁfn ~ &> 45) < 3exp(— -E), all n large enough.

This concludes the proof of Lemma 4,
LEMMA 5. (i) = (15).

Proof. We keep the notation of Lemma 4. In particular, M >0 is a
constant, and C is a set of finite Lebesgue measure. Assume that A(C) > 0,
and define f = I./A(C), and

I
[A,; N C does not capture any X;]
z,‘—)j:A(A,,fnc) x(C)
We have
Al4,,nC)
N11, = g1 = Zinl4,)) = (4, ) = T p,(4,,) - —F—|2 Z,.
}. - M)

Since 0 < Z, < 1, (i) implies that E(Z,) — 0. Now,

A4, A4,,nC)\"
E(z)=% (A"(’;)C) - (A(Cr; ))
A(Anan) M "
> L0 ( "nx(c))
. A(A,,ﬂc)ex (_ M/A(C) )
27aC) P71 oM (O)

250 5)
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t this implies that for every ¢ with A(C) > 0,lim,_ . A(4, N C) =0,
0, when A(C) = 0, it is clear that A{A4, N C) = 0 for al} n. Thus, (15) is
isfied.

RELATIVE STABILITY

compare different density estimates, 1t is inconvenient to work with the

idom variable J,. One could use the quantiles or the moments of J,. We
Il use E(J,) throughout the rest of this book. This would simply be a poor
aice if J, were not close to £(J,) in some sense. In fact, we would like our
imates 10 be relatively stable (in probability, aimost surely), that is, we
nid like

J
—=2— — 1 (in probability, almost surely). (19)

E(Jﬂ)

Jte that a sequence of random variables J, is usually said to be relatively
ible when there exists a sequence of real numbers 4, such that J, /e,
1ds to one in some stochastic mode. Cur definition differs slightly because
s force a, = E(J,). Proving (19} however is virtually as difficult as
termining the limit law of J,. Forunately, it is much easier to prove that
e variation of an estimate, {|f, — E(f,)] is relatively stable. Via Lermnmas
and 7, this yields statements that come close to (19) for J .

“MMA 6. For any density f on RY, and any density estimate f,,
L
Max( f17 = BU G [t = BN < fif, =1

s I, = EG)I+ fIf = EG)L

roof. For the lower bound, note that, by Jensen’s inequality, [|f, — f| =
E(f,) — f|. Also, by the triangle inequality, f|f, — fl = [1f, — E( L) —
E(f,) — f|. Summing both inequalities gives the desired result.

EMMA 7. If the variation of a density estimate is relatively stable in
-obability, that is,

Jit = EGN
4ﬁﬁ—ﬂam

— 1 in probability,
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then P(J/E(J)) € (i — 63+ €)= 0asn— o0, all € > 0. If the varia-
tion is relatively stable almost surely, then P(J,/E(J) & (5 — &3 +¢€)
fLo)y=0,alle> 0.

Proof. We use Lemma 6 twice. First, for the upper bound, note that

. N1t =BG+ fif = ECL))
U g man{ fir - £CAIA f15 - B O

J,

| Jifa = GO+ fif = E(L)
ma fis - £CL3E{fiss - E)))

=

fi. - G
<2 +1,

£ fis, - (1))

where we used Jensen’s inequality. For the lower bound, we let 4 be the
(deterministic} event [ | f — E(f,)] = YE(/|f, — E(/,)D], and note that

max(ﬁf B f1f, ~ E(4))
— >
B fir - B0 + fir- G

J

SRy Ji. = E(4)
E( fis, - B(1))

2 4

Ji. = E(A)
£(fir.- 81 |

E

L]

B

> min

Lemma 7 follows directly from these inequalities.
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Roughly speaking, if the variation of an estimate is relatively stable, then
J./E(J,) remains with high probability in [}, 3]. This would indicate that
E(J,} is a fairly pood yardstick for comparing density estimates. (This is
precisely what we will do in Chapters 4, 5, 7, 8, and 9.)

In the remainder of this section, we follow Abou-Jaoude (1977), who
showed that the histogram estimate and the kernel estimate with a uniform
kernel K(x)=1I_,,;,7¢ have variations that are relatively stable in
probablity for all f.

To do this, we will need a few inequalities for the binomial distribution.

LEMMA 8§ (Inequality for the Absolute Deviation of a Binomial Random
Variable). Let X be a binomial (n, p) random variable with p < 4. Then,

5((o- %) )2 | dpim

where ¢ = (Yaw e13/%)y"1 is a universal constant. Also,

f(r-5),)< 2

Proof. Let m = np (the largest integer contained in np). We have, by
elementary computations, for n = 2,

E((np - X)) = é(np - () -p

= np(" m 1)p"'(l -p)" "

If p <1/n, and thus m = 0, this is equal to np(1 — p)" = ape™"?/' =7 >
npe 2. 1f p = 1/n, and thus m > 0, we obtain, by Stitling’s formula,

E{(np~ X)) = (2'”)_1/2["/ "m__/;l"l (%)m(%)—)rmg(n,ml

where g(n, m) = exp(u/12n — v/12m — w/12(n — m)) > exp(— ¢) (here
u, v, w are numbers in [0,1]). Also, » — m = n/2, and m/n < p. Further-
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more, since m = np — z,z € [0,1],

(M)"’("(l _P))"_'" _ (1 B i)“‘"ﬁ‘—zl(l s )—(ﬂ—np+:)

+
m n—m np n(l —p)

2
z z
2exp(+z———z— )

ztaxp(—i - }2exp(f2).

np  n—np

Combining these estimates gives our result for n > 2.

For n =1, note that E((p — X/n),) = p(1 — p), and, thus, our in-
equality follows for all n. The upper bound is obtained simply by using the
Cauchy-Schwarz inequality and noting that E(( p — X/n)?) = p(1 — p)/n
<p/n.

LEMMA 9 (Geffroy. See Abou-Jaoude, 1977, pp. 52-53). Letp,. p,, p- be
a probability vector, and let X\, X,, X, be multinomial (n, py, p;, ps) random
vector. Then

o )l 2)) =l - ) Jel(22).)

Proof. Assume that (20} is valid:

X
E( (pl - Tl)+ X, = nz) is increasing and convex in #,.  (20)
Then,
X a2 X
E .Pl__l) = ZP(X"::":)E (Pl_"—l) Xy=m
n /., ny=0 n /s

=£{ (n- ).

X, = .n_pz.J (Jensen’s inequality)

X2=n2), all HZSNPZ.
+
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which was to be shown.

Let us prove {(20) now, We must show that y(m) = ¢(m + 1) — ¢(m) is
positive and increasing in m, where ¢ is the function defined in (20). Let ¥,
be the random variable X| given that X, = m. Obviously, we have the
following embedding: ¥, =Y, ., + Z where Z is a Bernoulli random
variable with parameter p, /(1 — p,), and Z is independent of Y, . ,. Thus,

v(m) =E((P1 - L"il))r_(!’z - % - Z)+) = E(U).

n

But U takes the following values:

0 ifZ=00rifZ=1,p, -(1/n)Y,. <0
U= (1/”) mtl lfz:l 0<p1 (1/") m+l51/n!
l/n £Z=1,1/n<p; —(1/n)Y.,.

If z = np, — np,, then
¥(m) = P(Z = D 2P(Y1 =10) + 5 P(Tray < 79, = )

n(l _Pz) (ZP( m+l = npl) +(1 - Z)P( mtl = APy — 1))

This expression is positive, By our embedding, we also note that it increases
with m. This concludes the proof of Lemma 9.

LEMMA 10. Let Z,,Z,,....Z, be a sequence of nonnegative random
variables with E(Z,) + 0, for all n, and E(Z}} < 0. Then Z,/E(Z,) = 1
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in probability whenever
E(Z?
m ) _
" (E(Z,))
Proaf. By Chebyshev’s inequality, for all € > O,

Var(Zn)
2E2(Z")

>1l+e

= o(1).

P zZ,
E(Z,)
THEOREM 3 (Abou-Jaoude, 1977). Assume that for the histogram esti-

mate of Section 3, there exists a constant q > O, such that for all e > 0, and
some ng,

An(e)__' Z nu‘(An_,")Zn‘ nznO‘
r(Aq)<e

(This is satisfied for the cubic histogram estimate when h — 0.} Then the
variation of the histogram estimate is relatively stable in probability:

fif = E(1)1
B( fis, - £ )

Proof. We note that

= 1 in probability,

V- B =22,
where

Z,= E(F"(Anj) —p‘n(Anj))+'

f]

In view of Lemma 10 and the obvious inequality EX(Z,) < E(Z?2), we need
only show that

E(Z}
lime sup ( )

Ao E (Z) =1 (gl)
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But, using Lemma 9, we have

E(2}) = LE((s(4,,) - m.(4,,)),)

# X E((5(A) ~ 1(4n), (K(An) ~ 0,(4,0).)

< %ZP(A,,,-)(I - p(4,,))

+ gE(( (Aﬂj) P’n( nj )) ) ((”'(Am) lu'n(Am'))’r)
< ;1!- + EX(Z,). (22)

But (21) follows from (22) and vt E(Z,) — o0, which we shall now show.
By Lemma 8, and using the constant ¢ from that Lemma,

VRE(Z) = ¢ .): Je(d,,) +en L p(4,)

ezp{d, ) z1l/n 1A, }<l/n

e VR
z nmmn| —, — |, nezng.
7 (\/a‘ e2) °

Now, Theorem 3 follows from the arbitrariness of .

REMARK. For the cubic histogram estimate with smoothing factor A =
h, — 0, we know that supu(4,;) — 0 (by the absolute continuity of with
respect to Lebesgue measure), and thus that for any e > 0,

lim A,(e) =1.

Thus, the condition of Theorem 3 is satisfied.

THEOREM 4 (Abou-Jaoude, 1977). Consider the kernel estimate with
kernel K(x) = I;_, 31, and smoothing factor h — 0. Then the variation is
relatively stable in probability.

Proof. We will use C for [— %, 114, p(x) for p(x + AC), and p,(x) for
u,(x + AC). Recall that sup, p(x) — 0 as n — <o, by the absolute continu-
ity of p with respect to Lebesgue measure. Arguing as in the proof of
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Theorem 3, we note that the variation is 2Z, /h“, where

z,= [(r-p),

Again, it suffices to establish (21). Now, let D be the collection of all x, y in
R*? for which the L_ distance [|x — y|} < A, and let D° be its complement.
Note that by Lemma 9, applied 10 D<,

E(22) = [[E((p(x) = (0))s (2() = 5 (). ) drdy

< [E{(p(x) = p(0), (p() = pa(3)) ) iy + EX(Z,).

=a,+ E*¥Z,).

We are done if we can show that E(Z))/ V’a_ﬂ — o¢. To do so, we must
obtain good upper bounds for a,,.

Consider now for fixed x, y the sets A = (x + hC)—(y + hC), A" =
(x + hRCOYN(y+ hCyand 4" = (y + hC) — {x + h(C). Then,

(P(x) = 2.(x)). (P (¥) = a(¥))
= {(w(d +A) —p,(A+ AN, (s +27) - p, (4 + A7),
< ((u(4) = po(A)), +(n(4) - g, (A)))
X ((n(4) = p,(4)) 4 +(p(47) = g, (47)).)
< (5(4) = 1, (A, + 24 =, (4D, +(0(47) = (A7)},

and the expected value of this does not exceed

L(u(4) + 28(4) + p(47) < < (6(x + HC) + p(y + KC)).
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Thus,

a, < f l(,ul,(x +hC)+ u(y + hC)) dxdy
L

%(Zh)dfpz(x + AC) dx

IA

— gzd}'!d_
n
But by Lemma 8, if sup p(x) < 1,

¢ _plx) -2
E(Z) = —_— = dx + e Xx)dx
(2,) fl/:zp(x):vl/n\ﬁ; Jsup p(x) ";(-Y)sl/n p(x)

hd . ( c -2 ) p(x)
Z —mn| ————, ¢ \E Loy,
i\ supp(x) /5
Theorem 4 now follows from the fact that supp(x) — 0 and that
J(p(x)/h¥ydx = 1.

REMARK. We leave the extension to general K as an exercise, When
f& Ly(R), the integrated square error is relatively stable, that is,
ff, = PY/E(J(f, — )?) — 1 in probability, at least when &, f, and K
satisfly some regulanty conditions (Hall, 1982). In a milestone paper, Hall
(1984) actually obtained the asymptotic law of f(f, — f)* when f has two
bounded uniformly continuous derivatives on RY and K is a bounded
density corresponding to a zero mean random vector with zero off-diagonal
covariances, and unit variance components.

The techniques used in the proofs of Theorems 1 and 2 lead to useful
results related to almost sure stability. This is illustrated below for the cubic
histogram estimate.

THEOREM 5. Let f, be the cubic histogram estimate in RY based on
positive constants a,, 1 < i < d, and scaling factor h {notation of Section 3},
where lim, , h =0, tim,_  #h" = . Let f be an arbitrary density on
[0,1]%, and let ¢ be the constant of Lemma 8. Then, for all & < (0,1) there
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exists ny > 0, such that for n = n,,

P E-(}—n)' =21+ ﬁ < 3exp(-5~(‘1ja hd(l —a))- )

If also tim, _, _ h? log(n) = 0, then

lim sup <1+ /20

n— 2 E(Jn) - Cf\/f

Proof. The rectangles defining the cubic histogram estimate, 4, ., j = 1,...
have sides of lengths ha,, i = 1,..., d. The number of 4, ’s with u(4,;) > 0
is denoted by N. Clearly,

almost surely.

N < 15[(2+h%).

i=1 i

We define the constant b by 1 + v20 /(cf \/f (1 — ¢)). Now, by Lemmas 6
and 8, and using the notation of Sections 3 and 4, we have

P(J/E(J,) = b)

<pli+2fir,- E(mf/E[ﬂf,. - E(1)l) > 8]

PZhu,. ni) = 8(A4,;) 2 b;lEE(lpn(Anj)—-u(Anj)I))

/

i

Py

IA

P(Eiha (1) = w412 6= DEE((s(4,) (4. )
( a(4n;) — u(4, )12 (8- 1)

X Zmin(e’zp(A,,j);cyf,u(A,,j)/n)). ‘:,-'./

J
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But

Z_min(e'zu(d,,,-);c\/u(f!nj)/n)
ZZCW"(AM‘)/" - E ¢ -""(Anj)/n

imA, )< Petsn

2,2
o Bef 1/ (4,) - 2
J "

fy7
e~ )

Thus, since nh¢ — o0, we see that for all n large enough,
P(1/E(1,) 2 8) < P( Tika(4,,) ~ (4,1 2 8)
J

where

20 )1/2

’- ((na,)nhdu ~9)

Next, note that N/n < 82/20 for all n large enough (since N/n ~
(7h“T1a,)™"). Thus, by Lemma 1,

P(J,/E(J,} =z b) < 3exp(—nd?/25),
which was to be shown. The last statement of Theorem 3 follows from this

inequality and the Borel-Cantelli lemima.
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CHAPTER 4

Lower Bounds for Rates
of Convergence

1. INTRODUCTION

In this chapter we will try to obtain general information about possible rates
of convergence for E(f|f, — f), for all density estimates, in the¢ form of
lower bounds. There are two questions one can ask here:

(i) ' Obtain lower bounds for

supE(flf:, - fl)s
feF
where # is a suitably restricted class of densities. We will call these
uniform lower bounds.

(il) Obtain lower bounds for

sup limsupa;‘E(flf,, —fl),

feF n—ooxc

where a, is a sequence of positive numbers. Thus, in (ii) we ask for
the worst possible rate of convergence for a single density f in #.

Occasionally, we will refer to the quantity inf, sup, . # E(f|f, — f]) (which
depends only upon n and %} as the minimax error, and to lower and upper
bounds for it as minimax lower bounds and minimax upper bounds.

The following classes of densities on R' will be considered:

(7. all densities vanishing outside [0, 1] and bounded by 2.
G, all densities vanishing outside [0,1], bounded by 2 + & (some
§ > (), and infinitely many times continuously differentiable on [0, 1).

35
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H(g): all densities of the form L2, p,g(x + x;), where g is an arbitrary
fixed density with support contained in [0, 1], ( p, p;. -..) is a.probabil-
ity vector, and x; is an increasing sequence of real numbers with
X — X > 1

U: all densities on [0, oo) that are monotone and have a peak at €.

U,,: all symmetric infinitely many times continuously differentiable uni-
modal densities with center at 0.

THEOREM 1. Let f, be any density estimate.

(i) infsupE(flfn~f|)2c

" feF

where c = 1 for F= G, G,, or H(g), and ¢ = § for F= U or U,
(i} Let {a,} be a sequence of positive numbers tending to 0. Then, for
all F mentioned in (i),

sup IimsupaiE(ﬁf,, —f|] = .

JEF n—ox n

Theorem 1 will be called a slow convergence theorem. To study rates of
convergence for any density estimate, it is clearly not sufficient to put
continuity conditions on & because Theorem 1 covers the classes U, and
H{(g). For example, if g(x)=cexp{—1/x(1 —x)), 0 < x <1, every { in
H(g) is infinitely many times continuously differentiable. Furthermore,
because ¢ is also included in Theorem 1, a tail condition alone or a
boundedness condition alone does not suffice either. Thus, a combination of
continuity and tail conditions seems necessary to obtain meaningful uni-
form and individual lower bounds. But even here, in view of G, one must
be careful: the nondifferentiability of f at even one point suffices to obtain a
slow convergence result.

We note that in part (ii) of Theorem 1, one f is chosen in #: it does
usually depend upon the sequences f, and a,, but once chosen, remains the
same for all a. In part (ii) we have proved that any rate of convergence is
attainable within the subclasses # considered here. We should note here
that in part (ii) the lim sup can be replaced by a liminf (Birgé, 1983b).

Theorem 1 (i) is not totally satisfying in that the particular densities
within the subclasses & that give us the large values for E([|f, — f]) are
possibly those f that correspond to large values of a criterion that measures
how long-tailed or un-smooth f is. One such criterion that will reappear in a
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natural way in Chapter 5 is

2s/(2s+1)

(N =/ lf"’l)mz”h( [

where ) is the sth derivative of f. Note here that [/f measures the
heaviness of the tail of f. The integer s can take any positive value. We will
now see that Theorem 1 (i) is largely due to the presence within each # of
densities with large values of D,(f). In doing so, we will only consider
uniform lower bounds.

THEOREM 2. Let f, be any density estimate. Let g be any density on [0,1]
with continuous sth derivative g, Then

E( fn = fl) $/2s+1)
lim infns/@s+1 gup f > {s/e(2s + 1))
e rene  DAS) D.(g)

, alls>1.

We note here that inf, D,(g) = C(s) > 0 for 5 = 1,2 (see Chapter 5), so
that the lower bound is
(s/e(2s + 1))3/(2”1)
C(s) ’

s=1,2,

provided we replace the supremum over all f in H(g) by that over all g on
[0,1] and all f in H(g). .

It is clear that the supremum in Theorem 2 is not approached by
densities that have D,(f) = oo, as may have been the case in Theorem 1.
Thus, Theorem 2 tells us about the worst f that are in a sense reasonably
well-behaved (because D,(f) < co). Theorem 2 also highlights the impor-
tance of the normalizing factor.

To illustrate Theorem 2 in the case s = 2, we will jump ahead a bit, and
announce a result of Chapter 5 for kernel estimates f,: for all f, we must

have
-£( fis, - 1)
liminfn??

=c>0,
nec D,(f)

where ¢ is a universal constant, and D,(f) is defined as above when f is
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twice continuously differentiable (its definition is different in the other
cases). This has information not avaitable from Theorem 2 because it is an
individual {not a vniform) result. Yet, it implies that, for s > 3, the lower
bound of Theorem 2 is not achievable with the kernel estimate. For 5 > 3,
we need either other estimates or a drasticaily modified kernel estimate. In
Sections 5.9 and 7.6 we will see that it suffices to allow negative-valued X.

A careful analysis of the proof of Theorem 2 reveals that for the densities
J¥ in H{g) for which E(f|f, — f)/D.(f}is large, D( f¥)} — oco. We could
take the bounding technique a little further now by restricting ourselves to a
class of well-behaved densities such as

F, ,: all densities on [0, 1} with (s — 1) absolutely continuous derivatives,
sth derivative £, and D(f) < r,

or

F, ... all densities on [0, 1] with (s — 1) absolutely continuous derivatives,
sth derivative {9, and D,(f) < o0.

These classes are not nested with respect 10 any of the classes considered
until now. We have another theorem:

THEOREM 3 (Bretagnolle and Huber, 1979).  Let r* be a number at least
equal to

(9°(s + DY,

For any densrga estimate f,, we have

liminfn*/®5* 0 sup E(ﬁfn = fl] > (2e)“‘(ri, - 1), all r > r*,

B fefF,

and

liminf p/@s* 1 sup E(f|f,, —f|) = .

Ao f

Theorem 3 is stronger than Theorem 2 in the sense that the suprema are
taken over classes of densities £, , having uniformly bounded values of
D.(f). As a consequence, the argument is more subtle and sophisticated.
We observe again that the rate #n7*/*'?D approaches n~'/? as s — o0,
While this rate is not achievable with the kernel estimate for s > 3 for any f,
it is achievable at least on an individual basis with some other density
estimates for densities f in F, , having compact support: see, for example
Bartlett’s estimate described in Secuon 7.6 or Section 5.9.
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All of the classes treated thus far are still quite large. Further drastic
reductions in the sizes of the classes will of course result in smaller lower
bounds. If we reduce the c¢lasses to such an exient that there is only one
parameter & left in the family, our lower bounds should be valid for all
parametric density estimates for the given class. The lower bounds thus
obtained will usuaily not be attainable by the general density estimates
considered here. They should however be tight for some specific parametric
density estimates. For example, consider the foliowing simple family of
densities:

II(g): all densities of the form f(x) = pg(x)+ (1 — p)g(x + 2), where
£ is an arbitrary density with support contained in [0, 1], and p € [0,1] is
a mixing parameter, unknown to the user.

Note that all f in I1(g) have compact support, and have infinitely many
continuous derivatives when g has. We will prove the following theorem:

THEOREM 4. Let f, be any density estimate and let g be an arbitrary
density with support comtained in [0, 11. Then,

(i) Foralln> 4,

sup \/rTE(fu; —fg] 2 0.030153 - -

fell(gy

(infact, sup E(flf,,—-ff)2(0.0849856--- +o(1))/\/ﬁ).

fellig)

(ii) sup lim supv(rTE(ﬂf,, —fl) > 0.0424928 - - -,
. Jell(g) n—ox

We can thus conclude that uniess one chooses a truly frivial class #,
the best possible rate of convergence in L, is 1/ Vn . For example, if #
has only a finite number of members, g,..., gy, and we define f, = g,,
where / is determined after having looked at the data X, ..., X,. we have
ECf|f,— f < 2P(g # [), and this tends to 0 exponentially fast in a (see
Section 11.9 on detection) when g; is chosen by the maximum likelihcod
principle. Thus, for all f in this finite %, we have an exponentially
decreasing upper bound!

A common complaint of users is that most statistical theories are
asymptotic in nature. What can one do for small samples? Is there such a
thing as “small sample superperformance”™? Well, one way of obtaining
good estimates for small n consists of suitably restricting the densities f one
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is willing to consider, and of answering the following minimax question: for
which f, is sup, ¢ & E( {|/, — f]) minimal? (This minimal value, m(n, ), is
a function of n and # only.) Classes one might consider here are all
monotone densities on [0, ov); all symmetric unimodal densities; all Lipschitz
{C) densities; all log concave densities with mode at 0; all densities with
increasing hazard rate on [0, oo); and so on. In particular, if only X, is given
(the one-observation-problem), what is f, for some of these classes? It is of
interest of course to have good bounds for m(n, #) for all n, Asymptoti-
cally good lower bounds can be obtained usually by the methods developed
in this section and the next section, and are of less practical intergst in this
context.

2. ASSOUAD'S LEMMA

The principles used in Section 1 can be classified into three groups: first, one
cannot estimate a density f in a given interval when no X, falls in this
interval (Theorems 1 and 2); secondly, lower bounds can be obtained by
information-theoretic considerations (Theorem 3); thirdly, one can use
inequalities such as the Cramér-Rao inequality, and properties of sufficient
statistics (Theorem 4). In this section we would like to draw the attention to
a powerful and simple technique developed by Assonad {1983) and Birgé
(1980, 1983a,b), which will allow us to rederive some of the results of
Section 1 and to obtain some new lower bounds for important classes of
densities. Birgé used the notions of e-entropy and e-capacity introduced by
Kolmogorov and Tikhomirov (1961) which allows him not only to obtain
uniform lower bounds but also upper bounds for the minimax error

infsupE(flf,,~f|).

S fef

He successfully answered the question of obtaining for some # lower and
upper bounds that have the same dependency upon » (but different
coefficients). Because we will obtain important upper bounds in Section 5,
we will not concern ourselves with the second half of Birge’s work.

The key is a powerful lemma due to Assouad (1983) (Theorem 5 below),
which we shall give in a form slightly adapted to our subject,

THEOREM 5 (Assouad, 1983) (General Form). Let r = 1 be an integer,
and let b=(by,....,b)YE {—1,1}" be a parameter of a family of densities
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f(B,.) with 2" members. Let b, and b;_ be the parameters defined by
b= (b.byy....0,_,, +1,b,.1,....5),
b‘-_= (bl’bz!""bi—l’_I!br'+l!"'!br)'

If there exists a partition Ay, Ay, ..., A, of RY such that for ail b and all
1 < i < r, the following inequalities are valid:

L'f(bi‘-l-!') -.f(bj—!-)l za>0

and

[ -) 28>0,
then, for any density estimate f,,

. ) ()1 -2 - 287);
spr(f!fn E {(ra/4)ﬁ‘2".

In terms of y = 1 - B, the lower bounds can be replaced by (ra/2)
(1 /2ny) and (ra/4)1 — ¥)2", respectively.

(Particular Form) (Birgé, 1983b). Ler r = 1 be an integer, let A = [0,/},
{ < 1/r be an interval on which we define a measurable function g having the
properties

|glsl,Lg=0,

let g =0 ourside A, and let y,,..., ¥, be real numbers such that the sets
A + y, are nonoverlapping. Let f, be a density on R taking the value 1 on
WA + 3. Let F be the class of 27 densities parametrized by

b=(b.....5) € {(-1,1)'
with members f(b,.) defined av follows:

ﬁ,(x}, XEU A4y

f(8,x) = folx) + big(x—y), x€Ad+y,.
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Then, for any density estimate f,,

sz (fir~ )= oo - \fon

> {;rL|g| (when angzs %).

If a general family # is given to us, we should first find r, /, g, f,, and
Yi,--., ), 50 that the family F of Theorem 5 is entirely contained in #.
Then, any lower bound obtained over F is necessarily a lower bound over
&, and we are done. This plan of attack will now be illustrated for a few
important classes.

We define the Lipschitz class W{(s, a,C) as the class of all densities f
vanishing outside [0, 1], possessing (s — 1) absclutely continuous derivatives
and satisfying the condition

lf{’)(x)—-f‘”(y)lsClx—y{", x.-)"ER,

where 5 = 0 is an integer, C is a positive number, and a < (0, 1]. When we
say that a function g is Lipschitz (C), we mean

lg(x)—g(y}I=Clx-y, x,y€R.

The analysis in Section 1 centered around the functionals D ( f ). Here we
start from a nice small class, the Lipschitz class W{(s, a, C}), without worry-
ing at first about D.(f). We will show in Chapter 5 that uniformly over
W(s,1,C), a suitably generalized functional related to D, (f) is uniformly
bounded.”

—-__ .. The most important Lipschitz classes are W(1,1,C) and W(0,1,C). The
latter class is the class of all Lipschitz (C) densities that vanish outside
[0, 1]. Obviously, W(0,1,C) is empty for C < 4, and has only onc member
(the isosceles triangular density on [0, 1}) when C = 4. Similarly, for all
W(s,a,C), we observe that the class is nonempty for all C larger than a
constant C, and empty for all C < G,

THEOREM 6. Let f, be an arbitrary density estimate. For all s > 0
(integer), a € (0,1), there exist positive constants ¢, ¢y, ¢;, Y;, and ¥,
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depending upon 5 and o only such that for all C = ¢,

sup E( s, -f|)

feW(s.a,C}
(C3 + a(l))cl/{ﬂl+a}+l)n7(51‘11)/(2(5+a)+l);

0 S {6rmc2) @O L s,

If WH(s,a) = U . W(s,a,C), then

liminf - sup E(ﬁfu —fl)n(x+a)/(l+2(:+a)) = .

AR fE W (s, a)

The constants ¢, and ¢, can be computed as follows:

-1
Yo = [(s + a)’”Z‘“‘exp(s ; c‘exp(:' i l))] ,

1= vlHs +a+ 1T (25 + 2a + 2),

Y, = ¥ T(25 + 2a + )T (45 + 4a + 2),
= Y%/4

-1
c; = 73(2(s+a)+1)/(:+a)(1672) ,

—(sta)(l+2s+a)}
¢ = 41 (167, } ey T

43

Theorem 6 is nice in that it provides us with a continuous range of
polynomia! rates of convergence. Unfortunately, the constants ¢, in the
theorem are suboptimal, and it is worthwhile to spend some extra effort on
W(1,1,C) and W(0,1,C) in the hope of obtaining useful lower bounds.

This is done in Theorem 7 below.
THEOREM 7. Let f, be any density estimate. Then, for all C = 72,

21 [ 12073 3C
sup E( lf,,—fl)z ——(—) , nzMax(lo,—).
few(,1,C) f 160 \ 25n 50
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For alf C > 288,

2/5
i(-:ég) CY3 + o(l)]n_z/f’,

E(ff f) (32 23

sy n = = -

jemiiney UMl Cf({Bacty* AT , 1sc
32\ 730 ’ "= 368

We will see in Chapter 5 that these rates are achievable by the kernel
estimate, and, for W((, 1, C) only, by the histogram estimate. If the lower
bounds for C seem unrealistic, the user can without a lot of effort obtain
smaller bounds at the expense of increased values of the coefficients of
n~'? and %" in Theorem 7.

Let us show now that from Theorem 5, we can also obtain slow
convergence theorems and fast convergence theorems in the spirit of Theo-
rems 1 and 4.

THEOREM 8. Ler f, be any density estimate. Let r > 1 be a fixed integer,
and let g be a fixed measurable function on [0,1/r) with (g| < 1, f}/g = 0.
Let Q.(g) be the class of all densities of the following form; there exists an
¢ € [0,1] and numbers b, € { — 1,1}, 1 <i < r, such that

i+ 1

i i .
f(x)—l+eb‘g(x~;), ;Sx<——, i=0,1,...,r—1.

Then,

oo £ fra-1)2 ye )

In particular, if g =1on [0, 1/@r) andg= —1on [1/(2r),1/r), then

s E(fif.-11)2 V7R, nzoss

feQ.(g)

and

sup E(f|f,,—f|) > % for all n.
fetg g

Theorem 8 contains quite a bit of information despite its simplicity. The
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uniform lower bound over ,(g) is of the order of 1/ vn . This lower bound
applies to the pargmetric estimation problem because it remains valid even
if g were given to us, but only ¢ and the 5,’s were unknown. Thus, we are
once again in a situation comparable to that of Theorem 4. Not surprisingly,
the lower bound grows with r, and by considering U, Q,(g) we are in fact
back in the domain of Theorem 1. This result comes as no surprise because
U.0,(g) is a densely populated subclass of G, the class of all densities on
[0,1] that are bounded by 2.

All results of this section were uniform results. Individual lower bounds
as in Theorem 1 (ii) can also be obtained from Theorem 5 by involved
constructions (see, e.g., Birgé, 1983b).

We close this section with a uniform lower bound for the class M = {all
nonincreasing densities on [0, 1] with f(0) = B). It is clear that this class is
empty unless B > 1.

THEOREM 9. For any density estimate and any B > 2,

1 1 (4]1/3

fsEu.SBE(flj;' _fl) = 16(3 + 2(”/4)1/3) - ﬁ ;

Clearly, the same lower bound is valid for all symmetric unimodal
densities on [ — 1, 1] satisfying f(0) < B/2, and for all unimodal densities on
[-1,1] with mode at m € [—1,1] and f(m) =< B/2. The lower bound
developed here is far from best possible: for one thing, it is not an
increasing function of B. The proof of Theorem 9 however is amazingly
simple, ard at least the power of n (n~'/?) is correct, because we will sec in
Chapter 5 that both the kernel and the histogram estimate have uniform
upper bounds for the expected L, error which increase as n~'/>, The lesson
we learn from this is that under monotonicity and compactness conditions
alone, no grand performances should be expected from any estimate, and
that it is probably not very rewarding to construct special estimates for M,
possibly not consistent outside M, since little can be gained over the kernel
estimate.

IMPORTANT REMARK. To obtain uniform lower and upper bounds
for E({|f, — f|} over nonhomogeneous or too large classes # is a risky and
often useless exercise. It is much like trying to determine the maximal
number of worms in a single apple in a bunch of freshly picked apples after
having thrown in a couple of old apples. With high probabitity, the old
apples will determine the outcome, and we end up with little or no
information about the freshly picked apples. One instance of this phenome-
non occurs for Lipschitz classes W(s,a, C), where the upper and lower
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bounds increase with C (for fixed s and a). From Theorems 2 and 3, and
from upper bounds to be derived in Chapter 5, we will see that the quantity
D (f) measures the “difficulty” posed by f very well. But because C and
D.(f) are only vaguely correlated, we obtain very little information about
the vast majority of the densities in W{(s, a, C) from Theorem 6, say. In that
respect, the classes F, |, which from now on we shall call Bretagnolle- Huber
classes, scem more natural and realistic. In addition, W{s,«, C) is not
closed under rescaling, while F, , is.

3. SOME HISTORICAL REMARKS
The collection of lower bounds of Section 1 has some L analogues. For
obvious reasons, this is not the forum for such lower bounds. 1t is of interest
however to recall some historical milestones because they will help us to
better understand the difference between the L, norm and the L, norms for
p*L

In Section 1, we considered slow convergence results (Theorem 1),
medium rate lower bounds (Theorems 2 and 3), and small lower bounds

(Theorem 4). Theorem 1 leads, for example, to an important observation
about L, convergence results for the kernel estimate,

1 e - X
A6 - (k) EK(TER) xer,
i=1 n
for bounded symmetric densities X. Rosenblatt (1971) has shown that

B[t 17) - 2=+ B

when h, = 0 and nh, > o0 as n — o0, and [ is a bounded density with
iwo continuous derivatives and jf”? < c0. The constants are

a=fK2, B=(fx2K(x)dx)2ff”2.

Taking h, = (a/B8n)'/* yields the optimal L, rate

B(ftn-17) - §ES

(see also Nadaraya, 1974). Yet, at the same time, for some f in the given
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class,

1
E(ﬁf" - 'fl) Z Joglogloglogn

infinitely often: in Theorem 1, take H(g) with g(x) = constant -
exp(—1/x(1 — x))on [0, 1], and note that for all f in H(g), f is bounded
and ff"* =T%, plfg"? < [g”"* < 0. In other words, Rosenblatt’s classical
result and most other L, rate of convergence results give us little informa-
tion about how close f, is to f, and should be used with extreme care when
it comes to choosing #,. This discrepancy between good L, rates and poor
L, rates is due to the fact that in L,, tails (and regions with low-f values)
are less important. We should note though that if some tail conditions are
added to the class of densities considered by Rosenblatt, the optimal L,
rate for the kernel estimate (n~%/%) is achieved (see Chapter 5).

We note without proof that Theorem 1 has an L, analogue.

THEOREM 10 (Devroye, 1983). Let f, be any density estimate, let p = 1
be a fixed real number, and let f € L,. Then,

E(ﬁf,,—flf’)> .

Py

(i) inf sup
nofeF j fr

where %= H(g) forany g, or ¥= G,
(ii) Let {a,) be a sequence of positive numbers tending to 0. Then

Sup ﬁmsupa;lf('[_lf"ﬂ -

fEG n—ow ffp

There are also scveral analogues for the medium rate lower bounds, cited
here without proof, or with a short sketch of proof only. We remind the
reader that it is easy to get lost in the vast sea of results available in the
literature: there arc as many results as there arc normalization factors,
norms, and classes of densities #. In what follows, we will give a generali-
zation of the factor D,(f) toward L: we will define

2, (0= (furerr) T frr)

The uniform lower bounds of Theorem 1 and the uniform lower bound of

2s/(25+1)
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Theorem 3 are complemented by the following resuit by Bretagnolle and
Huber (1979), valid ford =1, s =z 1, and p > 1:

lim ian”/‘2’+1’SupE(f|fn - flp) 2 rC, >0,

- o0 fe¥F

where C,, is a constant depending upon s and p only, » > 0 is a real
number, and % is the class of all densities with (s — 1) absolutely continu-
ous derivatives, /€ L,, fe L, and D, (f)<r. We note that for
P = 2, the condition D,,(f) < r does not impose restrictions on the tail of
f. and thus this result does not contradict Rosenblatt's L, rate of conver-
gence result for kernel estimates,

Let us stress once more the importance of normalizations. For example,
for p > 2, we can find g such that H{g) C &#: this follows from the fact

that for f € H(g),

5 2s 3 s
D, (Y = (Zp?NEpr?) D, ()" < D, (2)"".
Thus, by Theorem 9 sup; ¢ s E( 1, — fI?)/ff? =z 17277 alt n,all p = 2.

Let us now gradually reduce the size of the classes #. First consider
H(g) again. A check of Section 5 below reveals that

%
sw E(fi-117)2 [ s ¥ (- p)
JeH(p) all probability ;=1

veclors py, pa, - -

>[5 (z(1+n))w(l - {;;)n

> fg,,( (r-1) cxp(_ﬁ__p))”

b . -1)/2)7!
] f ,((p-1)/ )"

T

-1

asn— g,

The lower bound i1s 1 for p=1 and all »n. For p = 2, it reduces to a
constant times 1 /n, regardless of the choice of g. In fact, since fg” 2 1 for
all p > 1, we have, for all g,

sup E(f(f f)) 2(n 1+1) p( lin)’ all n.

feHg)

Yet another normalization yields the following result.
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THEOREM 11. Let g be an infinitely many times continuously differentiable
density with support on [0,1), and let d = 1. Then

B ° _ps—— - l)pj/(25+1)
E(ﬁfﬂ f') 1 (2$+1 ¢

liminfp?*/@s* D sup > -,
=00 feH(g) D:p(f) 2771 Dsp(g)

for all p, s = 1, and all density estimates f,.

We have seen that 1/n is the best L, rate of convergence attainable
uniformly over any class H(g). Boyd and Steele (1978) have shown some-
thing quite a bit stronger for the small class

BS: all normal (0, 02} densities.

THEOREM 12 (Boyd and Steele, 1978).  For any density estimate f,, there
exists an [ € BS such that

l]msuan(f(fn f))>c(f)>0

n-—+o

where c( [) is a constant depending only upon f.

The result of Boyd and Steele cannot be improved for normal density
estimation: for example, if we estimate f by f,, a normal (4, d?) density
where fi and 62 are the standard sample-based estimates of u and o2, then

lim P[5, -1 < - F(x),

16,/_

where F is the distribution function of 4V + 3U, and V, U are independent
chi-square random variables with one degree of freedom (see Maniya, 1969,
who also has a similar result for & > 1). Thus, the rate predicted by Boyd
and Steele can be achieved. Theorem 12 should be considered as the L,
counterpart of Theorem 4. It is conjectured that

sup hmsup\f_E(ﬁfn f]) zc>0

fE€EBS n-ox

for some universal constant c.

Kiefer (1982) surveyed the literature on lower bounds for rates of
convergence in density estimation: until now, most emphasis has been on
pointwise rates of convergence (see Farrell 1967, 1972; Wahba, 1975; Stone,
1980, Ibragimov and Khasminskii, 1981). Global or L, rates of convergence
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have been considered by Samarov (1977) and Bretagnolle and Huber (1979).
For L lower bounds, see, for example, Ibragimov and Khasminskii (1981,
Theorem 4.2) and Stone (1983). For the kernel estimate, the rate of
pointwise convergence was studied in some detail by Wahba (1975),
Rosenblatt (1971), and many others. Its L, raie of convergence was
obtained by Rosenblatt (1971), Nadaraya (1974), Deheuvels (1977a), and
Bretagnolle and Huber (1979), among others. For d > 1, we refer to
Deheuvels (1977b).

4 PROOF OF THEOREM 1

Classes G and H(g). We will start with two families of densities. Family
1 is parametrized by a real number b € [0,1] and a probability vector
(P1, P2, --.). We will only make the dependence upon b explicit and write

f(b,x}= ip,-g(x - 2i-b),

im]

where g is a density with support contained in [0, 1], and 4, is the ith bit in
the binary expansion of b = 0.5,b,h, --- . For each b, f(b, x)is a density
in x.

Family 2 is parametrized by the same & and the same probability vector
(P, P2, -- ) First we partition (0,1] into sets 4, 4] such that f, dx =
f4;dx = p;/2, and then we define

T

e
We can always take A, and A as adjacent intervals such that A4; = A, +
p./2. It is clear that family 2 is a subclass of G, and that family 1 is a
subclass of H{g).

The proof is based upon the following embedding device: let B be a
uniform {0, 1] random variable, and let X7,..., X¥ be independent random
variables, independent of B, with common density f(0,.). Then define the
sets C, = [24,2i + 2) for family 1, and C, = A, U A] for family 2. Clearly,
P(XF € ) = p, in both cases. We will also use the notation B; for the ith
bit in the binary expansion of B. The random variables X|,..., X, are now
defined by the relations '

(b, x) f_z-g'fg;;,.;g:b;m; (x).

X, = X*+ B, when X* € C; (family1);

B.p, .
X=X+ =2 when Xfe ¢ (family2).
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Furthermore, we will use the random variables N, =ZL7_,/(x cc)=
Lailixs cc,p» 50 that, by construction, N = (N}, N,, ...) is independent of
B. Fmaﬁy, we will let B” and B” be random variab]es equal to B except in
their ith digits, where we force B/ = 0, B = 1.

There are two fundamental tricks: the first trick is based upon the fact
that a supremum is larger than an expecied value:

s fif, = /(5. 91) = E( fi1, - 1(8.)

- E(f} fcxf,, ﬁf(B,-)l)- (1)

The second trick eliminates f, from (1} and uses the fact that on [N, = ¢,
B, and Xj,..., X, are conditionally independent. Thus,

E(fm,-o, St —f(B,.)nXI,...,x,,)
= E(IIN-'OIIiB.-=UJ_,;|fn - f(B",)]
+I;~4-01118f-11_/;lffn ~ [(B", )X, ..., X,,)
= %Im,smf(j;_lfn —-f(B, )1+ fclf,, - f(B", )X, ..., Xn)

> fyma Y| [ 1108') ~1(8". )]

= Pilin-p 2

for both families. A combination of (1} and (2) now gives

spE(fif, = 6.0 = Zpp(=0= £ p(1-p)" ()

i=1 il

Inequality (3) is strong enough to prove (i) for families G and H(g),
because we still have the freedom to choose ( py, p. ... ). Consider, for
example, p, = 1/M, 1 <i <M, and p,= 0, i > M. Then (3) is equal to
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{1 -1/M)", and the supremum over all M is 1. We will postpone the
classes G, U, and U, for the time being.
For part (ii) we will need a Lemma.

LEMMA 1. When 0 <a, < } foralln lim,_ a,= 0, then there exists a
probability vector { p,, p,, ...) such that

o0
Yp(1-p) za, aln.
i=1 .

Proof. Construct first the sequence

This sequence satisfies: a,, > a,, for all n, § za{2ay> -+ 2 a,l0.
Thus, we can find integers 1 = &k, < k, < --- and positive numbers p,
such that p, =1 — 2aj,andforn=> 2, k,_ <igk;

k,
P = (2")_1’ Z = 2a,_, — a,).

=k, _;+1

Note in particular that

[e o] oo
Zp,-=p1+ Y 2a,_,—a,}=1-2a + 2a] =1,

=1 n=2

Also, for n = 2,

Yaa-z) z(1-5) T »

im] psl/2n
t
1 1 &
Z 5 Pi b E E pl'
pi<l/2n i=k, 1+1

1 &
=3 L2Ad —a)=a,2a,z2a,

=n

For n=1, we have p,(1 — p,)= 2ai(1 — 2a;) > a; = @), and we are
done. :
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Proof of (ii). For (ii), we employ the same embedding, but extend it to
infinite sequences Xy, X3, ... and X, X, ... . We will need the quantities
J(b) = E(J|f, - f(b,))) and J(b) = sup,,, ,/,(b)/a,. Let D, = {b:
J.(b) > 1}. Since D, decreases monotonically, there is a limit set D, and
thus fp npod% 4 fpapyydx = A(D) (A is Lebesgue measure). Let D) be
the complement of D,.

The introduction of the set D, was merely needed to allow us to use
Fatou's lemma:

. (b
sup lim sup (6) > sup limsup

b n—om n b n— a0

> E(limsup ( AC) )ID;(B))

n—x aﬂ

(Jn(b)

a,

J124(0)

zmMﬁ”mﬁwﬁ 4)

n— o ap

For the individual terms in (4) we will use the inequalities (1) and (2),
suitably modified. If we write X = (X}, X;, ...), then the left-hand side of
(2) after modification becomes

E(l[m-O]“;lIo;(B)f . —f(B,.)”X)
G
2 I[N.'=0](za")_LE(IIJ,.(B’)sl]fclfn - f(B'. )
+I(.?,,(B")<11fcllf; - f(B”’-)"X)

2 Iy g (Zan)—IE(Ilmaxu.,(a'),fnw"n sufclf(B', ) —f(B”, -)IIX)

P
z IIN.-OIZR:E(Ilmu(f..(ﬂ’)‘iu(-‘?”))sllIX)
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and the expected value of the last expression is
p,a;'P(N, = 0, max(J,(B),J,(B")) < 1)
> pa; (P(N,=0) — P(N,=0,7(B) > 1)
—P(N,= 0,7(B") > 1))
> p,a; (P{N,=0)-2P(N,=0,71,(B)>1)
—2P(N,=0,7,(B)> 1))
= pia,'(P(N,=0) —4P(N,= 0, B € D,)). (5)

Let A, =[k,.,, x), where k, is as defined in the proof of Lemma 1.
Define also

= X Pilin=o-

) icA,
We have shown that

e[ of ] e

n
12

) —4(5(5—;‘2]}’(3 €D,)

2 £

SN

(by Schwarz’s inequality).
Now, we choose the probability vector ( p,, ps, -..) as dictated by the
construction of Lemma 1, Then

Z n
B(2)=a' T pi-py o
a, ik,
Furthermore,
E(Zf) = X pidl-p)"+ b) prj(l - P _pj)ﬂ
i€4, iy i, fEA,
s2 X pi(1 - p T X mQ "P;')"Pj(l -Pj)n
ieq, i#f, 1, €A,

<2E¥Z),
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where we used the fact that on A,, (1 — p;}" = %, and that for all i, j:
1 —p,—p, < —pXl~ p) Combining the last two facts and (5), (4),
and lim P(B € D,) = A(D), we conclude that

n—+o0

sup timsup 22 » (1 - 4/2(D) )nmsup;z(%).

b n—om " n— o n
We always have

sup lim sup J"—ibl > A(D)

b n—x n

by definition of D.

Because A(D) > 0 certainly implies that for some b,
limsup, _, . J,(b)/a, > 0, and because A(D) = 0 implies the same thing by
the former inequality, we can conclude that there exists some & such that

L(b
ﬁmsup# > 0.

=00 L

But since we can always replace a, by V!‘Z in our choice of a probability
vector ( py, P, --- ), we see that (ii) follows from this result for families G

and H(g).

Class G_. We will change the definition of family 2 very slightly. Consider
the density g{x) = Cexp(—1/x(1 — x)) on [0,1]. Then, let C,,C;, ... be
the intervals [0, p,1.[p,, P, + P2] ... . Dichotomize each interval into two
intervals of equal length, and call the left interval A, and the right interval
Aj. Next, define

flb.x) = E 2(bg; +(1 - br’)ga")s

i=1

where g, is g(x/(p,/2)) translated to p, + --- +p,_,, and g/ is g; trans-
lated p,/2 to the right. Thus, g, vanishes outside A4, and g/ vanishes outside
A;. Furthermore, family 2 belongs to G_.. To see this, we need only look at
the maximal value of f, that is, twice the maximal value of g: 2Cexp(—4).
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Now,

Lot ] 5o

1—4y2

_a 12 16y?
=2¢74 exp| - d
fo p( 1- 4y2) 7
2 2 [ (1 - 20)%) dy,
0

where we used the inequality e * > 1 — », and the fact that 1 — 4y? < 1.
But the lower bound is $¢~%/ v20. Therefore, 2Ce™* < $y20 = 3y5. It is
casy to see that for any & > 0 in the definition of G, we can cheoose an
appropriate g, flat on [¢,1 — £], and very smooth on {0, ¢] and [1 — ¢ 1]. It

is simple to establish that the proof of Theorem 1 carries over to this family
without change.

The Class U, We will consider a subclass of U parametrized by » and
(p1. Py, ... ) as before. The vector of p;’s is nonincreasing in i and sums to 4.
We first determine intervals by defining knots

X=0, x,=1, x,,—-x,=2p, i>1

The density f(b,.) is constant on [x;, x;,,) and O elsewhere. For x €
[x;) X; 1), its value is determined as follow5'

\
pi § “'-
if i = 0: = -+ 3 i
if § f(x) g | \‘7

b=1
ifi#0,b=0: f(x)=277
ifi# 0,5, =1: f(x)=2"0+D,

Note that f is unimodal on [0, c0), and that it is a density in view of

Pi —i-
ff= ( 5 t Z + Z (xr+l a’)z !
:>1 jzl
=1 by=1
Z Xip1 — xi)z_!
2_
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The embedding is slightly more difficult now. We start with independent
random variables B, X},..., X}, Y;,....Y,, where B is as before, the X*’s
have density f(0, ) (recall that f(0, x) = § on[x,, x,); and f(0,x) = 2""on
[x;, x,+1) i 2 1), and the Y;’s are Bernoulli random variables with parame-
ter . We define our sample X),..., X, from f(b,.) by

X, =X if Xr € {x4,x)
orif X* € [x,,x,.;)., izl,andb =0

orif X* € [x,x,,,), iz2l,andb=1Y=0

X = (Xf - xi)

= —— 1.
/ (xH-! - x;)

if X* e [x,x,),iz1,b =17,

Thus, in the last case, we replace X* by a uniform [xg, x;) random variable.
It is easy to verify that the X;'s have density f(b,.).

Check that (1) remains valid after replacing C; by [x,, x,,,). Then,
because on N, = 0 (i = 1), where N, is the number of X,’s in [x;, x;,,), B
and Xi,..., X, are conditionally independent, we can derive (2) again for
all ; = 1 with the following modifications: condition on X¥, Y;,..., XX Y,
and replace p, by p,/4 on the last line. Thus, we can conclude that (3) holds
if the right-hand side is divided by 4.

This lower bound depends upon n and the vector of p,’s. As we have
shown above, we can find a nonincreasing sequence of p;’s with sum equal
to 4, such that (X% (p.(1 — p,)"/a,) = o as n — . Also, the supre-
mum of the lower bound over all such vectors of p,’s is §. This concludes
the proof of (i} for this class of densities. The proof of (ii) poses no major
problems either.

The Class U,. Consider the family of piecewise rectangular unimodal
densities constructed for U, and construct a new family taken from U
consisting of similar piecewise “almost™ rectangular unimodal densities: on
each interval [x,x,,,), define f(b,.) as before except near x, and x,,,,
where a continuity correction is made. Since U can be considered as a
limiting case of U/_, it is not hard to see that all the previous results remain
valid here.

5. PROOF OF THEOREMS 2 AND 11

Note that Theorem 2 is but a special case of Theorem 11 (take p = 1).
Consider the family 1 of the proof of Theorem 1 once again. It is not hard
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to check that
[re6.)=(Epr) [er,
and that

Dsp(f) = Dsp(g)(ZP,P)UQHU(Zptf’/z)hﬂzﬁn.

Now, rederive (1) and (2) up to the second-to-last expression of (2), in which
the factor 3 should be replaced by 277. The integral over C, of [|f(B’,.) —
f(B”, )| is 2pffg?, and this gives

sl;pE( s, —f(b.-)t”) 2277V [gr Y pr(1 - p)".

Now, take p, = 1/M fori = 1,2,..., M, and 0 elsewhere. Then

A

Take M ~ n/(ps/(2Zs + 1)), note that fgf > 1, and let n > =c.

|

6. PROOF OF THEOREM 3 N

We will use a randomization technique as in the proof of Theorem 1 (i) (see
(1)). A family of densities strictly contained in F, , is constructed around a
central density g. This central density in turn is obtained as g,+*g, (a
convolution} where g, is a density with support in [— %, 5] and continuous
(s — 1)st derivative, and g, is the uniform density on [— 1, 4]. Thus,

x+1/2

(go* () = [T s (N &

— g D(x+ 1) - gfO(x — 1),

and

Jizo= )1 = f1gf ™ 0x + §) g7 (x = P)idx

= 2 figf " (x)1dx.
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To randomize, we will consider a uniform [0, 1] random variable B with
binary expansion B = 0.8, B,... in which all the bits are +1 or ~1 (i.e,,
al! occurrences of 0 are changed to —1). Individual realizations of B will be
denoted by . We will also need A, u;, j > 1, sequences of real numbers
wnth the property that 6Lk, <1, ‘o < u, < 1. Now, find real numbers

»J 21, such that the sets A =[x, - Jh X, + 3#,] are disjoint and
contained in {x:g{x)=1}. (This can be donc because 6Zh <1)

For fixed & € [0,1), we define the density f(b, x) in our family as
follows:

f(b,) =g(x)(1 + b,-u,-(g(x—ﬁ 7)o - %)))

J

and f(b, x) = g(x) when x does not belong to any A4,. One can easily check
that f> 0 because |bu;|<1 for all f and g < ] Also, because of the
construction of g, the mtegral of f is equal to the integral of g.

Clearly, suppressing the dependence of f, upon a sample with density
f(b,.) and integration with respect to dx, we have

sup E( fi5.5) = 10 ) = ['B( flf,,(x;__—_f(b,x)l)db

O<h=<l

> T L8[ {100~ 1(bx] @ @

7

Consider now an individual term in (6), and let us fix by, b,....,
bj_l,bjﬂ, .... Let b7, b~ be the corresponding numbers with the given
binary expansion into b;’s with b, = +1 and b, = — 1, respectively. Thus,
averaging the jth term in (6) with respect to the jth bit &, and with respect
to “E” only gives

1

E(E( [t =16 ) + B f 1) —f(b-,xn]).

Introduce the notation y = (zy,...,2,) € R" u™=u"(y) = [ 1/,(x; y) —
BT x) wm= [y 1 (X y) ~ f(b x)l f+(y)*nf-1f(b z;); and £(y)
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= TP, (b7, z;). Then, the last expression is bounded from below by

%(f“+(v")f+()’)dy+f“ (y)f(y)dy)

> 3 [ () 4w ()min( £ (). (1)) dy

v

Zufmin(s, )

= %uexp(—ff*log(fr—*)), | (7)

where u = f, [f(b", x) — f(b", x)| does not depend upon the b,s, i # j.
The last mcquahty in{7)is provcd in Theorem 8.2, The exponent in (7) is

equal to njf(b™, x)log(f~ (b, x}/f* (b, x)). Also, because for |z| < 1,

- z) e 222
+ 2z 11—z
we have, if we write f as g(1 + b,g,) on 4,

fr ) of s e 55

l(l + z)log(}

2gg:
> 12 -
-fAJ BT T gl
4nu’h,
20— 77
u;

Because u = 2/|g,| = 2u;h ,» we can combine all the previous bounds into
one, and note that (6) is at least equal to

4nuth,
) (8)

1
E 3 J,hjcxp( =

Let us take u; = w, h, = h, 1 <j < N, such that 64N = 1, u/h* = a > 0.
With this choice, we can compute D, ( /) for each b. In particular, we always
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have
T-ufyg < [Vf svi+ufie,

Juror =+ 28 =) f1g0) = 1+ 5) fig)

and, thus, because we will let ¥ = oo, u — 0,

)1/(2:+1)

D)~ D)1+ %

The lower bound (8), rewritten as (u/12)exp(—4nu*(u/a)'”* /(1 — u)) is
approximately minimized by taking u = ah’, h*"*! = (s/(25 + 1))/4na?,
and the corresponding value of the lower bound is

1 5

s/25+ 1)
E(4ne(25 +1) )

al/Gs+h > %6-401/(2“ Lgy—5/(25+1)

To make all densities f(b,.) asymptotically belong to F, ,, we must take
(1 +a/3)"**UD(g) < r. Thus, let us pick a=3((r/D(g)**' -1
(this is certainly positive for r > D,(g)). Then, because 3'/*1 /12 > 2-¢
and ((r/D,()y**' — N> *V > r/D (g) — 1, the lower bound is

’.\.\ (28)”4"/D5(g) -1

"s/(25+ n

valid for all r > D.(g) and all n large enough. This concludes the proof of
Theorem 3, if we can establish that at least for some g = g, * g,, we have
D.(g) = (39°(s + DHY®*D, To see this, note that

f‘/_ %:_ (becauseéio‘g]Slon[-fh%])_

Also, if we take g (x) = 2(s + 1)1 — 4|x|)%, 4lx]| < 1, then

f1891 =218

= 247125 + 10271 - 4x) dxs!
0

=45+ 1
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Thus, for this particular choice of g,

D(g) s ((3)¥4 (s + 1)!

which was to be shown.

)1/(25+1)

¥

7. PROOQOF OF THEOREM 4
Let f, be a density estimate. Then the following estimate is strictly better:
f(x) = pg(x} +(1 — p)g(x + 2),

where p = [y, .. because

Jit=n1= [ gip=pl+ [ gl0-p)=(-p)

j[’o,uf" - f([o,mfﬁ' B f'

< if,- 11

In other words, when we derive lower bounds, we can assume without
loss of generality that f(x)=pg(x)+ (1 — p)g(x + 2), where p =
P(X|,..., X,)is a Borel measurable function of its arguments taking values
in [0, 1}. Now, let us define N = 71,y 10,1 Then,

+

E( fif.~ 1) = 205 = o) = 2E(E(IN) - p) = 2EQ¥(V) - p)

for some [0,1]-valued Borel measurable function . Here we used the
conglitional version of Jensen’s inequality, and the fact that N is a sufficient
statistic for p.

Let us write £, for the expected value with respect to the distribution of
(Xi.-.., X} when the mixing parameter in f is p. Let N, and N, be
binomial (n, p) and (n, ¢) random variables, respectively, where 0 < p < g
< 1. The fundamental inequality underlying the remainder of the proof is

%(Ep(flfn -f!) +Eq(f|f,,_fl))zlp—'qlP(Nqs_np),



FProof of Theorem4 63

The proof of this inequality is simple:

28 (fir 1)+ £o{ firs - 1)
2 E(19(M,) - pl) + E(I¥(N,) — ql)
= ¥ (1)) - pIP(N, = j) +1$(j) - qIP(N, = j))

Jj=np

> ) (w(f)~p|+|¢(j)—q|)P(Nq=f)

j<np
z|p—qlP(N, < np).

Part (i) of Theorem 4 follows directly from our fundamental inequality by a
randomization argument. Let p be a2 random vanable with probability
measure ¢ on [0, 1]. Then,

s, f1f, = 11) 2 [E,( furs =1 |atap)

Let p put half its mass at @ = 4, and half its massat b = + + ¢/ Vn for
some constant ¢. From the fundamental inequality we note that

su;:nl!:"‘,,(f[f,l -f|)q/r? = ¢P(N, < na) ~ c®{-2c),
?

where @ is the normal (0,1) distribution function. The last step follows

from the central limit theorem. The lower bound ¢®(— 2¢) is maximal for

2¢ = 0.7517915241 - - - and takes the value of 0.0849856 - - - . If a bound is

needed for particular values of n, we can follow many routes: for example,

assume that ¢ = 19/100, n > 4 (these choices will be convenient). Note
that n(l — b) < pa;< nb. Slud (1977) has shown that

()

CP(Nb <ng)z | —————|.

fnb(l - b)

For n even, this is at least equal to c¢®(—c¢/ {5 —¢/2m) =
e®(—c/ {4 —c/4)=c®(~2¢/V1 — ¢). For n odd, a lower bound is
provided by c®((—2¢c — 1/Vn)/ V1 — ¢) 2 ¢®((—2¢c — 1)/ V1 = ¢). The
odd lower bound, which is smaller than the even lower bound, is
HO(— B)z &P(—1) = 030153 - - - . This concludes the proof of (i).
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For the proof of (ii), we introduce the notation J,( p) = E,({1f, — f|Wn,
and let p be a random variable with uniform probability measure p on
[3 — &4 + €] for some small £ > 0. Also, define g = ¢/ Vr, and choose ¢
as in the proof of part (i), that is, 2¢ = 0.7517915241 --- . Let a > ( be an
arbitrary constant. By Fatou’s lemma, h

sup limsupJ,(p) = E(ljmsup.l,,(p)) > E(lim Suprnjn(J,,(p),a))

r =2 1% o

> limsup E{min(J/,( p},a}))

H—

lim sup § (£(min(J,( p), @) + E(min(/,(p ® ), 4))

R— o

limsup 4 E(min(4(J,(p) +J,(p @ q)),a))

n— oo

v

> lim sup%E(min(cP(N,Hq < nplp),a)lpwsmﬂ).

= o

where p @ g is defined as p + ¢ when the sum is less than § + g, and as
p + ¢ + 2ke for some other k integer. The integer & is chosen such that
p + g+ 2ke belongs to [3 — e} +¢). The symbol N, is used for a
binomial (n, p + g) random variable. If we take @ = ¢, then the last term in
this chain of inequalities is equal to

-
ra

l.i.IIlS‘I.lp %E(CP(NP-fq = npip)lp+qsl/2+e)'

[ andt® 4]

Now, for fixed p such that p <3 + e cP(N,,., < np|p) —
c®(—c/Vp(1 — p)). by the central limit theorem. Thus, by the domin-
ated convergence theorem, the limit supremum is at least
1cE(P(—¢/ yp(l — p) ). Since |p — 1| < & and since we can choose ¢,
this imit can be made arbitrarily close to 1¢®(~2¢) = 0.0424928 - - - | This
concludes the proof of Theorem 4.

8. PROOF OF THEOREMS 5, 6, 7, 8§, AND 9

Proof of Theorem 5. We proceed again by a randomization argument,
using & uniform distribution over all 27 possible values for b = (b,,..., b,).
We will write £, for the sum over all these values, b;, and b,_ for r-vectors
equal 1o &b in all their components except possibly the ith: the ith compo-
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nent of b,, is always +1, and the ith component of b, _ is always — 1. We
will write X,, for (X,..., X,) € R", and x, for (x,,...,x,) € R”". Finaily,
all products [] are over j =1, » as in [1f(b, x;). The density estimate is
f.(x),x € R, but it will be more convenient to write f,(x,X,) to make the
dependence upon the data explicit, where X, is a sample of » i.i.d. random
variables with density f(b, x). We have

sl;pE(ﬁf,, —f(b,-)l)
2 2L [ fifs(xixa) = (6. 0) 1 dx - T1f (b, 3, dx,

22"’§f

=1 i

% [ 1xx,) = A(b.x)idx - TUf(h,x) ax,
= Z_rzfi %(Llfu(xaxn) _f(bj+sx)ldx : nf(bH ’xj)
b =1 . .
+L,.|f"(x’x") —f(b,_.x)dx - TIf(b,_, x,)| dx,

py FMin(T1f (6. ), 11/ (bics x;)) dx,

> 2"§f

2 3 inf [Min((1f(5,0. %), 11/ (8-, %,)) dx,.

Now, if f and g are two densities, we know that [ Min(f, g) > 4( f\/E)Z
(Theorem 8.5) and that [ Min(f,g)=1-31f—g/=1— (f(\/f
- \/§ )*)*/2 (Theorem 8.4). But

S0 076 ) dx, =T 75, x ) f (b, x,) dx, > B7

and the first part of Theorem 5 is proved,
For the second pari, note that a = 2/,|g| and that y < [, g2 This
follows from the observation that for any & and 7,

l—f\/}(biwx)f(bimx):L (fo_v'fo"*g\/fo_g)

*5

=f (I*Jl_:?)s[qu.

A4y,
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REMARK. The first part of the proof of Theorem 5 essentially coincides
with the chain of inequalities (6), (7) in the proof of Theorem 3, due to
Bretagnolle and Huber (1979). :

Proof of Theorem 6. We will first find a nonnegative function g, satisfy-
ing the W{s, a, C) condition and

1 1
fulgoiz‘n(?, fosésthz» supgp < 7sC.

After having done this, we proceed as follows to construct a family as in
Theorem 5. Take a constant a, > 1. Define 4 = [0,1/a,r), and

MQ%, 0<x< .
(x) (2a,r) 2ayr
glx)=
-80(2a07(x — 1/(2a,r))) LI X < 1
(2apr)’" T 2agr T agr’

Let y, be 31 —1/ag) +ijagr, i =0,1,...,r = 1. Thus, U, 4 + y, =[3(1
= 1/ay), $(1 + 1/a,)), that is, we have cut the latter interval into r equal
pieces of length 1/a,r each. The function f, of Theorem 5 is 1 on this big
central interval, and must be defined carefully outside it. In particular, we
should make sure that f, = 0 outside (0,1}, that fj f, = 1, that f, = 0, that
=0 for i=0,1,....5 — 1, that f,(3(1 — 1/a,) =1, and that
/P30 - 1/ay) =0, i=1,...,5 — 1. Furthermore, f, should satisfy the
W(s,a,C) condition, and the interval [{(1 + 1/a,), 1] should be treated
symmetrically. This can always be done merely by choosing C larger than a
threshold c,(s, a, a,). Later we will take a, = 2 (for no particular reason
except convenience), and this allows us to introduce the condition C =
¢,(s,a). Let us quickly verify that the family of Theorem 5 is indeed
contained in W(s, a, C). First,

35“(290’*)
(2‘70"')'l

g9(x) = , O0O<x<

and thus

180(x) = g (»)] = (2a4r) "C(2a0r)%1x = y|* = Clx ~ yI".
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Also,
fig1=2" &), _ 2nC
A (1} (zaur)-“"““'l (zaor)snn‘l
2
fgz f < 2y,C ’
A 0 (2(1 r)2(3+a)‘l (2a0r)2(,7+a)+1
and

|&o] ¢
sup!gl = Sup 5 o S 5 @ "
A 0. (2a,0)"" (2a,r)™"" "

The lower bound of Theorem 5 now reads

_l_rf lg| = YlCr(Zaor)"s'“_l _ Y]C(zaﬂ)—s—a—lr_(_‘_'_ﬂ)
2 A

subject to the conditions J
2ny,C? 1
2 2
nfgis ——— < ¢
L (zaor)l(s+u)+l 8
and
C
% < 1.
(2aqr)

The first one of these side conditions is used to determine r; to obtain the
best possible result, we should take r equal to the ceiling function (i.e., next
integer greater than or equal to) of

(2a,) ](1672116'2)1/(2{”")“).

The last condition now becomes a lower bound for #. For example, it is
satisfied if

(st+ta)/(As+a)+l)
2) = Y}C’

(16v,nC

which is equivalent to the condition n = Cc,. Resubstituting our value for r
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in the lower bound, with g, = 2, gives us the asymptotic result mentioned
in Theorem 6. By using the fact that ceiling (y) <y + 1, we obtain the
lower bound

1,C/4
)1/(2-r+2u+1) + 4)5f“’

((16y,nC?

valid for all n > Cc,.
This leaves us with the task of finding our original function g,. We
consider deliberately a suboptimal but practical g,, namely,

8o(x) = Cro{(x(2 — x))""".

We verify without effort that [ |go] = Cv, fi 28 = C?v,. andsupg, = Cy,.
Thus, Theorem 6 is proved if we can prove that g, satisfies the W{(s, «,C)
condition. Using the notation

w(u=1) - (u=j+1)

("f)=1 (for j =0} and 7

J
(for j > 0), ueR,

and the binomial expansion theorem, we see that

g(x) _ = — {5t a stat)
2370 _;E‘o( 1)1( J )x ’

The sth derivative of g,(x)/(Cy,) is L7y (—1)/h(x), where

h(x)= (s j a)(s +a+j)--(1+a+j)x*t.

Now, for0 < x <y < %,

00 = 1= 7 s at ) (U ak I =y
and

[y — xi, j=0,

|pet — x| < { ke .
{a+j)y* " Ny—xl, j=>0.
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Combining all these estimates in a super-upper bound, we obtain

g8 (x) — g6 (»)
Cyy

<{s+a) - (1 +a)y—X

= 5+ _
+ 2 (T raky ot )y =
Jj=1

+7) s + @)’

sly—xl((s+a)"---(1+a)+ f (s+a

=1 20041
Sly—x|((;c+a)---(1 +a) -
+ E" (s + a) *121~a ({s + a)e“:“/(-wa)/z)i )
j=1 Jt
<1y = s+ )2 g 23 e 211

where we used the inequality (1 + u) < €“, y € R. But the right-hand side
is equal to |y — x|/¥,, which was to be shown. .

Proof of Theorem 7. In the first part for W/(0, 1, C), we will illustrate how
the inequality of Theorem 5 can be manipulated by optimization metheds to
get good bounds. We follow the proof of Theorem 6 first, and use the
following function g, on [0, 1]:

Cx,
-,

Obviously, i |g,l = C/4. [d 85 = C?/12, and supg, = C/2. Thus, the
constants v;, 1;, and v, in Theorem 6 can formally be replaced by 1, s,
and . Define g from g, as in Theorem 6. We will let a, > 1 and r > 1
keep their meaning from Theorem 6 too. Thus, by Theorem 3, for C large

enough,
om g fit=n)z o[ fanf )

~nC(l_ L
a \y  y¥?

= O
A 1A
o™



70 Lower Bounds for Raies of Convergence

where L = y4v,C*n and y = 2a,r. The bound is valid whenever y > v;C.
If the lower bound is considered as a function of y only, then it is
maximized by setting y = (5L/2)*/, and takes the value

| 3¢ 2133 3 [12C)H\3
~yC- _(_ B 15
ag S1V5L 20a, \ 25na

The only minor inconvenience is given by the factor a,, which must be
chosen such that the solution r of 2ayr = y is integer.

Let b, be another constant greater than 1, and set r = ceiling of
(y/2by). Thus,

ay

1y - _
= 2 ceilingl y,/25,) € [boabo/’(1 2by/y)} € [bg, bo/(1 = uy)]

when y > 2b,/u,. Our lower bound now is

31— (12C37
20 & (%)

subject to the conditions
(i) y = v,C (which is equivalent to n > %);
(i) y 2 2by/uy-

In addition, the construction of a Lipschitz (C) function f; on [0, }(1 —
1/a,)] as in Theorems 5 and 6 will give us a lower bound for C. We can
consider a two-piece linear curve with breakpoint at j(1 — 1/4,) (where it |
takes the value $) and endpoints at 0 and 1(1 — 1/a,) (where the values are
0 and 1 of course). We verify easily that

(1/2K1—1/a0) 1 ( 1 )
= - ]_ —_
fO f() 2 a,
and that f, is Lipschitz (C) when (1 - 1/ay)C < 3, thatis, C > 6/(1 —
1/a,). The latter condition is always satisfied when

6
Wy €2 ——r—.
W €= T 178
Take b, = 4, u; = %. Condition (iii) gives C > 72. Condition (ii) leads 1o
n =12 - 48%/(25C?). For C = 72, this holds whenever n > 10. Replacing
ty and b, in the lower bound has the effect of decreasing the coefficient #
to v%. This concludes the proof of the first part of Theorem 7.
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Before we proceed with the proof of the second part, we should mention
that we have struck a compromise between an asymptotically small lower
bound and a lower bound that is useful for small values of n. Interested
readers can now, with very little extra effort, produce their own bounds for
their range of interest. For example, the lower bound for C can be reduced
by introducing a “*flat level” for f; that is much larger than 1. This requires
changes in all the theorems, including Theorem 5, but may well be
worthwhile. The small optimization problem solved in obtaining the bound
for W(0,1,C) can be mimicked for W(1,1,C), but we will not do so¢ here,
Instead, we will use the straightforward technique in which we determine
agr from nf, g? = }, and plug these values back into the formula 47/, |g|.

For W(1,1, C) we start with the function g, on [0, 1] defined by

sz/zv D<x =< },
golx) = 5(%C_C(x"i)2), l<xx<3,
c1 - x)'72, I<xsl,

Clearly, g is Lipschitz (C), and g, fulfills all the requirements imposed
on it in the proof of Theorem 6. Next, [|g,| = C/32, fg¢ = 23C/(60 - 256),
supg, = C/16, so that we can take y, = 1/32, v, = 23/(256 - 60), and
¥; = 1,/16 in Theorem 6.

From this, we compute, as in Theorem 6, the constants

B NE L S )
ST ml\s) 0 927 38

Thus, this part of Theorem 7 follows directly from Theorem 6. For the sake
of the user, we will compute the constant ¢, explicitly. We have taken a, = 1,
and must make a connection between (0, 0) and {4(1 — 1/a,),1) = (4, 1) by
using a function f, within W(1,1,C), and with average value 1 in this
interval. We claim that this can be done for C > 288. We begin with a basic
building block of width 2a on which we define the function.

{isz, 0<sx<a,

Ca® - }C(x - 2a)’, a<x<2a.

This function has a Lipschitz (C) derivative on [0,24], and has zero
derivatives at both endpoints. Its area (integral from 0 to 2a) is Ca?, and
the maximal value, at 2a, is Ca?. If we take a similar function, upside down,
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and with a constant D instead of C, where D < C, and stick it to the right
of the first function, and if for the new piece we choose a certain width b,
then we have our function f, provided that we can solve the following
equations;

() 2a+2b=1;
(i) Ca® + Db* + 2b = 2a + 2b (average value condition);
(ii) Ca® — Db? = 1 (endpoint must be correct);

subject to D < C,a = 0, b = 0. The solution a is given by

{o )

This is less than or equal to § (and thus, b = 0) when C > 128. Finally,
D =64-8a/(1 — 8a)? < C if and only if C/64 2 /T + C/16, and the
latter condition is fulfilled for C > 288. This concludes the proof of Theo-
rem 7.

Proof of Theorem 8. From Theorem 5, we have the lower bound
(r/2)ef|gl, subject to ne?fg? < 4 if we only look at the subfamily of Q,(g)
with fixed & Now, take & = (8afg?) /> < 1, and we obtain the first
inequality. The second bound follows from f{g| = fg° = 1/r for the given
choice of g. The third bound follows from the second bound after taking
r = 8n. Note that the first inequality would also have been obtained if we
had used the stronger half of Theorem 5 and carried out an optimization
process as in the proof of Theorem 7.

Proof of Theorem 9. We will apply the general form of Theorem 5. The
family f(b,.) is obtained from a central function f,(x)= B(1 — 2i§),
(i—-1/rBsx=<i/rB, i=1,...,r, and fy{x) =0 elsewhere on [0,1].
Here § = 1/2(2r + 1). The area under this function, its integral from 0 to
1/B thus, is

4 ) -1 8(r+1) . r+1
Y (B - 2i8)(rB) =1-—F—-= BGr+ 1)’

i=1

Take now a small perturbation, such as g(x} = 88 on [0,1/2rB), g(x) =
—88 on[1/2rB,1/rB). Its integral from 0 to 1/rB is 0. Since it varies from
&8 to — 8B, we can add it piecewise to f, without violating the monotonic-
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ity: define f(b,.) on [0,1,/B} as follows:

i—1 ] i .
fo(x)+g(x+ _B) on[ B ,;E) if =1,

f(b,x}= r _ j
fo(x) OR[T’E) ith = —1.

Thus, for any &, f(b,.) is monotone on [0, 1/8) and f(0) < B. Now, we will
distribute the leftover probability uniformly over [1/B,1). This uniform
piece has height

8(r+1)/B  8(r+1)
1-1/B  B-1 -

The value of f(5,.) on {0, 1/8) is at least equal to B(1 — (2r + 1)é) = B/2.
For monotonicity, we must require that 28(r + 1) < B(B — 1), or, that
(r+ 1)/(2r + 1) < B(B — 1). This is satisfied for all integer r when B = 2.
The construction is now complete. We need only compute the a and v of
Theorem 5. As a we can take [}/ |g| = 8/r = 1/2r(2r + 1). Also, we can
take y = 82/2r(1 — 2r8) as can be seen from the following inequality, valid
for all i and b:

1= fy7(b,, )b, %)

j("’”’ (fi- o+ 8))

i-1}/rB

B(1-2i8){ 3B
=~ 2B (1 \/] B 2i8)

5B
- \/1— B(1 - 2i0) )

<1—2:‘&;( 8B )2
="2r \B(1-2id)

(by the inequality V1 + » + V1 — u 2 2 — u?,ju| < 1)

5 52
2r(1— 2i8) — 2r(1 — 218)
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The lower bound is

ra wm_ 0 8’ 2
117 = 3(1 T2/ -2+ 1)))

4
& 2né?
_I(l-( p )

If r = {(n/4)"", then clearly r/8% = 4r(2r + 1)* > 16((n/4)°) = 4n, s0

Ll

that the lower bound is greater than or equal to

8 1 1-

8 - l6(2r+ 1) Z 16(2(”/4)1/3 + 3) *

and this concludes the proof of Theorem 9.~ |
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CHAPTER 5

Rates of Convergence in L,

1. INTRODUCTION
™,
One expects that with a finite amount of data a given density estimate has
built-in limitations, even for the best densities f. To a certain extent, these
limitations are captured in the lower bounds of Chapter 4. In this chapter,
we want to obtain very precise information about E(J,) for particular
density estimates, such as the kernel and histogram estimates. [n particular,
we are interested in asymptotic expressions for E(J,) for these estimates for
the case d = 1.
The kernel estimate considered here will be written as

filx) = (nh)"ll_ilx(* )

(1)

{Parzen, 1962; Rosenblatt, 1956), where h = kh, is a given sequence of
positive numbers, and K is a given density (kernel) satisfying

K(x) = K(—x), all x; X is bounded and has compact support. {2)

This condition will not be repeated. In view of Theorem 3,1, we also need
not consider sequences 4 that violate

lim £ =0; lim nh = 0. 3)

H— 00 [

In this chapter we will consider individual rates of convergence for
E(J,). As we will see, these are closely linked to the following quantities:

A(K) = (fKZ)z/S(foK)w

B(S) = (%(I\/f]4f|f"|)1ﬁ.

and

76



Introduction i

To simplify the notation, we will use the symbols « and g for {/X* and
fx?K, respectively. Thus, A(K) = («*8)"". The quantity B( f) will be used
for all densities f belonging to %, the class of functions satisfying the
following:
(i) [ is absolutely continuous with a.e. derivative f';

(it) " is absolutefy continuous with a.e. derivative f*;

(iii) f" is continuous and bounded.
But because we also want information for densities f not in %, the
definition of B(f) must be generalized, For al! f, we define

1/5

B() - (%(/fﬂ)}gg firear)

where * is the convolution operator, ¢ is a density with compact support
and four continucus bounded derivatives, ¢ €%, ¢ € F, and ¢, (x) =
(1/h)e(x/kh).We will prove in Lemma 5 that the value B*(f) is indepen-
dent of the choice of ¢, and that for f in #, the two definitions coincide:

B*(f)= B(/f).
Finally, to describe the exact asymptotic behavior of E(J,}, it will be
necessary to introduce the function

¢’(u)=ﬁ(ufue“l/zdx+e'“2/2), u = 0.
o

It is perhaps useful to get a feeling of how ¢ varies. We have because of
Mills' ratio ([=e™*/2dx < (L/u)e”*'7?), (u) 2 u. By inspection, we
also obtain ¥ (u) = y2 /7. Thus,

max(u,\/g)s\lz(u)su+ ]/g;
vi(u)= \/gj(;"e""zﬂdx >0 {y is monotone 1};

¥'(u) = 0 (¢ is convex);

timi () = /2.
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THEOREM 1. For all f in & having compact support, the kernel estimate
defined by (1)—(3) satisfies

E(J,) =J(n, k) + o(#2 +(nk)~'?), B
where :
won) = [ (s B

J(n, k) f yris (Mza‘/f)

Also, |

a fVf
J(n,h)s\[%— :/[E +gh2f|f"|.

When f has compact support, then

E(J,) < \/7 ‘/_ supfl(f*¢)”l+0((nh) v,

where ¢ is as in the definition of B*(f). In particular,

lim sup mfnz/sE(J) < C*A(K)B*(f),

neod
where

2/5

C* = 5(8z)"* = 1.3768102 - - - .

The upper bound is not exceeded for the foilowing choice of h when f has
compact support, and B*{(f) < oo:

a f‘/f 2

h=|=— - n

2
B SUP.pofl(f* (Pa)”l

2/5

~1/5

In the upper bound for J(n, k), we detect a bias component (the second
term) and a variance component (the first term). Theorem 1 states that for
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densities with finite value for B*(f), E(J,) decreases at the rate n~/* if &
is chosen in proportion to n~'/°, We should note here that under mildly
different regularity conditions {not nested with %), Rosenblatt (1979)
obtained a similar upper bound with a slightly larger constant, 5/2%° =
1.435872 - - - . Although not explicitly stated by him, his argument uses the
inequality ¢ (%) = 1 + u, which is not best possible,

The proof of Theorem 1, and its various implications are deferred to
other sections, so that we may continue here with a description of our basic
results. To complement the upper bound of Theorem 1, we offer a lower
bound: ’

THEOREM 2.  For all f, the kernel estimate defined by (I) and (2) satisfies

liminf infr2E(J,) > CA(K)B*(f)

n—~oc A
> CC,A(K)
g CC102 = C},
where
C = inf i%—} = 1.028493 .-+ is a universal constant,
Hou
29 /s
¢, — inf B*(f) - (3;) = 14459624 - - -,
and
) 9 4\’
G- it A(K)= (ﬁg) ~ 0.59083538 - - - .

even density

Theorem 2 thus gives a universally applicable lower bound, which in view
of the upper bound of Theorem 1 cannot be improved upon very much:
note that the constant C* in the upper bound is only about 35% larger than
the constant C in the lower bound. In a sense, the lower bound of Thecrem
2 gives us more information than what was available from Chapier 4,
because it applies to all densities, not just the “worst™ densities in certain
classes of densities. More imporiantly, the lower bound can help us decide
whether our sample size # is large enough to achieve a certain L, error.

The lower bound remains valid when 4 is a random variable independent
of X,,..., X,,. This would be useful when % is automatically estimated from
an independent sample, usually of size much smaller than n.
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The existence of the universal lower bound C;/n** is a corollary of the
observation that B*(f) is universally bounded from below by C,. For the
proof of this, we refer to Theorem 3. It is worth noting that this infimum
over all B*(f) ts attained for the isosceles triangular density. Thus, the
isosceles triangular density is the gasiest density 1o estimate with the kernel
estimate. This observation is at the basis of the development of the trans-
formed kernel estimate presented in Chapter 9. The interested reader could
now directly skip to that chapter without loss of continuity.

The constant A{X) is minimized by Epanechnikov's kemnel

K(x)=30-x), Ixlsl,

and takes the value C, (see Bartlett, 1963, and Epanechnikov, 1969; see
also Tapia and Thompson, 1978). For a short proof of this fact, see
Lemma 18. Strictly speaking, we should call this kernel Bartlett’s and not
Epanechnikov’s, the name commonly used in the general literature, It is
known that the values of A(K) for most reasonable even densities K are
very close to the minimal value C, (see Rosenblatt, 1971; or Deheuvels,
1977). -

Because of its importance, we will devole an entire section 1o the
understanding of B*(f). The key lemmas and proofs are given in another
section. The same treatment is then given to the histogram estimate, where,
as we will see, the rate is not n~ % but n~ /2,

In Section 9, we consider uniform upper bounds for the expected L,
error, that is, bounds that can be applied for any value of n. In Section 10,
we give upper bounds for E(J,) of the type obtained in Theorem 1 for
densities f that do not have compact support. Finally, in Section 11, we
show how for some smooth but usually long-tailed densities, a specially
designed kernel estimate can achieve E(J,) < ¢/ vn . The price paid for this
will be steep: the estimate is not convergent for the vast majority of
densities, including all densities with compact support.

2 THE FACTOR B*())

From Theorems 1 and 2, we conclude that B*(f) measures the difficulty
posed by f when an ordinary kernel density estimate is used. In this section,
we will obtain various properties of B*(f) and its components. Roughly
speaking, we can say that B*( f) has a component ( f ,ff_ ) that measures how
heavy the tail of f is, and a component (sup, . o [/ * ¢5)’|) that measures
how oscillatory f is. We will Jook at these components separately, starting
with [/f.
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The statement that fy/f is small when f has small tails and vice versa
requires some explanation. We can start with a generalization of an inequal-
ity due to Carlson (1934) (see Beckenbach and Bellman, 1965, pp. 175):

LEMMA 1. For any random variable X with density f on R,
O JYf <V2a(Var(X))'/*,
(i) [Vf =inf, RCLE(]1X — a'*9)l/20+o)

where € > 0 is an arbitrary constant and C, = (8w sin =/l +
£))e~/0+ N2 gepends upon € only.

Proof. Carlson’s inequality (1934) for nonnegative functions g on [0, 00)

states that
& o 1747 .o 1/4
< 1/17( 2) ( x? 2) )
Lasm{fe) (] <

Now, take g = /f, let p = [& f, a = & x¥f/[* x*f. It is clear that this
gives

f‘/f < ,/.;(fxzf)l/d( P4 (1 - p)l/-s(l _ a)1/4),

The last factor is maximal, for fixed 4 € (0,1), when p = /(1 + b) where
b=(a/(1 — a))'/?, and its maximal value for this p is (a'> + (1 —
a)'”*)*/%, and this, in turn, is never greater than v2 . Thus, we have

17 = ey

But since we can always translate X by a constant value, say, E(X), (i)
follows directly.

The second inequality will be obtained independently. For e = 1, it is *
only twice as large as (i). For constants b, ¢ > O we always have

f,/f < cf(l + Blx]T)f + j;(l+b|x|”‘)fsﬁ‘/f

1

SC+bCE(IX|1+E)+Zj(; m

1 i 2'17/(1 + 8)
_ 1+¢ 4+ — - - '
¢+ beE(1X]') + - p/0+o  sin(w/(1 + ¢))

When 4, B are nonnegative constants, then the function ¢4 + B/c is
minimal for ¢ = /B/A , and takes the minimal value 2vAB . This gives the
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bound

27 1 172

1+e =1/(L+e .
2{(1+ BE(1 XM +e))pm /A= m sin(7,/(1 + ¢))

As a function of b, one can easily verify that this is minimal! when
b= (eE(|X|'**)~!, and that the minimal value is the upper bound in (ii)
for ¢ = 0. The infimum over all 2 € R is added to the bound because X can~
always be translated at will. This con¢ludes the proof of Lemma 1.

Note that we come very close to showing that E(}X]|) < co implies
f ,/j_’ < oo, That this is not always true is easily seen from the following
example: let f be monotone | on [0, 20) such that f(x) ~ (xlogx)~? as
x — o0, Clearly, f,/f = o¢ but £(|X|) < 0.

On the other hand, we may have E(|X|) = o0, {/f < oo: for example,
let f be the indicator function of a set A. Clearly, [/ = 1. But if we
choose A as U[x,, x; + 27"}, where Zx,27' = oo, then £(|X|) = cc. Thus,
small tails guarantee small values for f/f, while the other implication is not
true, except under special conditions. For example, we have inverse inequal-
ities such as

E(1X1) s sup(Ix7) [ V7. o

Densities with a regularly varying tail of order r, that is,
lim, _, . f(ex)/f(x) = ¢t', for all ¢ > O, and similarly for the limit as x —
— o0, have finite values for f/f when r < —2. In particular, all densities
with an exponentially decreasing tail or tails have f \/f < oo, but the
Cauchy density has f‘/f’ = oo. When —2 < r, we must f\/f = 00.

Let us now consider the oscillation factor. We will begin by proving that
the oscillation factor is nothing else but f|/”| when f € #.

LEMMA 2. Forallfe %, B*(f)= B(f).

Proof. From Theorem 2.1, we recall that
li * ”o__ L = ]j " — L7 = 0
h?éﬁ(f ¢) = 1 hi%flf ¢, — 1

when [|f”] < oo. For such f,lim, ;¢ fi(f* $,)"| = [{f”|. When [|f"| = o0,
we invoke Fatou’s Lemma:

timinf fi(f+ )" 2 [lminf| /"ol = 1"

because /' is continuous. Thus, B*(f) = B(f) for all f in &.
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Furthermore,
Jurea 1= fir el < i,

50 that B*{f) < B(f). This concludes the proof of the Lemma,

We will now prepare ourselves for the proof of the fact that the value of
B*(f) does not depend upon the choice of ¢. Our energy will not be
wasted, because some of the lemmas obtained in the course of our prepara-
tion will be very useful later. Lemmas 3 and 4 are partially overlapping with
Lemma 22, but for the time being, they are sufficient for our purposes.

LEMMA 3. For any density K satisfying (2) and any { € F#, we have
foKy=f=HEysf"

for some nonnegative function K, where K is symmetric, has compact support,

and integrates to 8/2:
= 17, B
| fK——zfo——z.

Proof. Consider a fixed point x and a Taylor series expansion about x:
¥
f) =1(x) +(y = ) () + [y = 2)/"(z) de.
X
Because K is symmetric, we have

ok f= [3K(22 2V (v - )2y dedy

- jh ( )f[ y=ax xssz "'Z)f"(z)dz
+7

ystxazz_v(_(y - z))f”(z)dz] dy

- flK( )f[ rzx xszsy IJ’SJ‘IIE"ZJ’]
h

X1y = z|f"(z) dzdy

el

V() d,
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where

h?

a~|--

o~ -z
K5
) y?x11<z<y+Iysx1xa:2y]|y:%z|a}’
w

el -
. |

( )[Ix huax1x<zsx ku+Ix hu«_‘,xltaZZx hu”x—hu_zldu

= |

1
= hz('ng(")[Iusﬁfﬂs(z—x)/h_-_: u + fuzﬂfﬂk(z—x]/szu]

Xlu+ z—;—xldu}.

It is easy to verify that K is bounded, symmetric, and of compact support
when K is. Also,

(
JR= [K)Lgolocrs u+ Lizodos co-ull — x|duds

= fK(”)(Iusofolu = xfdx + fuzoj:lu - xl;ix)du
u

- %fuzK(u)du

-
5

which was to be shown.

LEMMA 4. Ler K be a density satisfying (2), and let ¢ € F be a densiry
with four continuous derivarives and compact support and let ¢ € F. Then
we have the following inequalities:

A fIf*K, —fl<hHB/DfIf"), all feF,all h=0.
@) f1f*K,—fl<h(B/Dliminf, o f((f*¢,)". all f,all h=0.
(i) fIf* Ky~ fl= RPUB/DINf*o) )~ BB fIf*0,) 1) all f,

all A, a > 0. (Here B, is a nonnegative constant depending upon K
only.)
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Proof. By Lemma 3, the integral in (i) is equal to
wfikye s iR fif1= 0L [,

where we applied Theorem 2.1. This shows that (i) is true.
Inequality (ii) follows directly from (i} and Theorem 2.1: Observe that

Jifeky=f1s [if v Ky = fro, oKl + [If = Fo0l
+ fif v, 2 K, — f ol

<2fif = frol+ w2E fi 70,y

and let a tend to 0.
To show (iii}, we first consider densities f in % with four continuous

derivatives, f” € %, and [|f”| < oo. By Lemma 3,

1+ Ky~ 1= W [Ryx = D))
- [Rilx = D) = () )

= ”z(glf"(xn ~1f Rilx = )((x) = 17(2)) dzl)-

Reapply Lemma 3 to the last term, but note that f and K should be
replaced by f” and K. Thus, there exists a nonnegative constant 8,
depending upon K only such that

fir+ K=z (& firn = wefir).

For general f, we can apply the inequality just derived to f* ¢, for all
a > 0, which together with the fact that

JiUski=f1z [(0)s Ki—f=al

yields (iii).
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The main result concerning the oscillation factor is captured in the
following Lemma:

LEMMA 5. Let f be an arbitrary density, let K be a density satisfving (2),
let & € F be a density with compact support and four continuous derivatives,
and let ¢ € F. Then the following quantities are equal and independent of K
and ¢;

k-t , )
lim 7 = liminf fI(7=9,)"1 = sup fi( +0.)"l

Proof. By Lemma 4 (ii), the first factor does not exceed
Hminf .
m in fl(f*qba) |

By Lemma 4 (iil), it i5 at least equal to sup, . o [k * ¢,)'| Therefore, the
liminf and the sup are equal, and all three quantities of Lemma 5 are equal
to each other.

We have now established a firm connection between the bias of the
kernel estimate and our oscillation factor. Let us now show that B*(f) is
bounded from below by a universal constant. To give the reader some
insight into the argument used to obtain such lower bounds, we proceed
very slowly. First, we will show that B*(f) = 1 forall f in #. Then we will
show that it 1s at least 1 for all /, and finally, we will show that the lower
bound can be improved to (2°/81)!7*, and that the latier lower bound is
attained for the isosceles tniangular density.

LEMMA 6. Foralifin #, BXf)=1.

Proof. We can assume that {|f”'| < co. Since f* is absolutely continuocus,
’ ’ ¥ I
P =f(x) = [ 17(2)dz, all x<y.
x

Because f” remains bounded, ' is Lipschitz. Also, since f” is absolutely
integrable, f’(x) tends to O as |x| — cc. Thus, using ( ), and ( )_ for the
positive and negative parts of a function, we have

[ == [T ONedy, alix,
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and

+ 00 " + o ”
[ .+ [ (7 ))-ar =0,
= e
so that we may conclude that
] pto
supl f(x)1 < 5 [ 1/7(x)|db.
-

But we also have 1 = [f < \/supf/ ‘/f . Combining these inequalities shows
that B(f)® = supif'(x)|/supf?(x). Clearly, by a geometrical argument,

—
I

Jrx)ax = [(supf(x) - lysuplf (x)1). dy

supf?(x)
supf'(x))’

and the proof of Lemma 6 is complete.
LEMMA 7. Forall f, B*(f) = 1.

Proof. The following facts will be used in this proof:

A. [f = /T * ¢, (where ¢ and a are as in the definition of B*(f)).
B. Jyf*9. sup(yf *9.) = J(/T * $,)%

. . 2 ,
C. hi;nilonf f (,/f * %)2 > f lll:lllglf (\/? * qbu) “ (Fatou’s Lemma)

= f (v7)? (because /f « ¢, — /7 at almost all x; see Theorem 2.3)

=1.

fro, €F.

supl(f * ¢,)'1 < /I(f*#,)"| (see proof of Lemma 6).

1 = sup(f * ¢,)2/supl(f * ¢,)| (see proof of Lemma 6).
(ﬂ «¢,) < f+¢, (Jensen’s inequality).

QaF &0
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Thus, for fixed a,

BY(f) = (f(\/fnpu)") % (by A, B, E, and F)

2 ([(7va)) evo.

Take the limit infimum as a | 0, and apply C.

THEOREM 3. For all f, B*(f) = (2°/81)'/>. The lower bound is attained
for the isosceles triangular density.

Proof. Assume first that f € %, and that {]f"| < cc. K and ¢ will be as
in (2) and the definition of B*( f). We have f'(x) — 0 as |x| = . Thus, if

f is decomposed into its positive and negative parts, [ = f + f, we
have

firi=z2fri= ~2fr" = 2sups’ - int ).

Thus, B*(f)’ 2 (f/f)*(supf’ — inff’). We introduce a class of densities
containing all densitics in #: ¥ is the class of densities satisfying

—D{y—x)=<f(y) -f(x})<C(y—-x), allx<y.

Here C and D are positive constants. Among these densities, fy/f is
minimized by the triangular density of height # and base split into ¢ and &
at the mode, where b/c = C, b/d = D and bc + bd = 2. Thus, ¢* = 2/(C
+ Ci/D)and d? = 2/(D + D*/C). For { in ¥ we have supf’ < C and
inff* > —=D. Thus, B*3(f) 2 infc pinf,.4(C + DX f/g)* Since (C +
DX {/g)* is scale invariant, we can take C = 1. For the trizngular density
mentioned above, we have

(NE)h + D) > (%)4(0/2 + DV (1 + D)

2\ gp? \"* o2 |74
(3)(“1)) ((1+D)3 * (D+D2)3)

- (5052 = of3)
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by nqoting that (1 + D)?/D is minimal for D = 1. Thus, inf, o  B**(f) =
29 '

Let f be a density with compact support, and let K be a density in #
with compact support. Let f, be f+ K, ,. We will show that B*(f,) <
B*(fX1 + o(1)), thereby establishing the result for all densities with com-
pact support, since each f, has compact support and is in %. First, by
Fatou’s lemma and Theorem 2.3,

timinf {7*K,,, = f /lminf/~K,,, — [V7.

Also, if T is a large enough compact set containing the support of £, we
have for n large enough,

[ = [\ =71+ [Vf < WYy fif, =11+ [VF =00y + [F,

where we used Theorem 2.1. Next, because for all densities ¢ in & with
compact support, and all 4 > 0,

Si(F o Kipue o)1= [if*9)" Kyl < (7 *,))

we see that B*(f,) < (1 + o(INB*(f).

Having established the result for all densities with compact support, we
need only standard analytical arguments to generalize it to all densities.
This can be done, for example, by approximating f by a sequence of
functions g,, where g, = 1 on[—1¢,¢)], 0 outside {—¢ — 1, ¢ + 1}, and smooth
and continuous inbetween. (Wote that the convolution approach is not
applicable since there are densities for which f/f < oo, yet fyf* K, = o
for all densities K and all 4 > 0.)

3. PROOFS OF THEOREMS 1 AND 2

We start this section by explaining how the function ¢ crept into the
expression for J(a, k) in Theorem 1. This will be done in two separate
important lemmas. The remainder of the proof of Theorem 1 rests on some
results about the bias and the variance of the kernel estimate.
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LEMMA 8. Let X|,..., X, be independent random variables with a com-
mon distribution. Let E(X,) = 0, E{X?)=¢?> 0, and p = E(| X’} < 0.
Then,

cpt:r_3

W

sup |E z(oﬁ)“ix,-- al) —E(|N - a])| <

aeR i=1

where ¢ is a universal positive constant and N is a normal (0,1) random
variable. Observe that

E(IN — al) = lalP(I¥) < al) + |/ 2 &7/ = ().

Proof. Let F, be the distribution function of X = (ovn)~'%7., X,, and let
® be the distribution function of N. Clearly,

E(|X - a|) = j;wP(lX_a|>t)dt= f:(l —FE(a+0O+FE(a-0)d,

and a similar equation is valid for N and ®. The absolute value of the
difference between both equations does not exceed

fm|<b(a +1t)— F(a+ t}{dt+ fm]tb(a —t)=F(a—t)tdt
0 0

= [ o) - £ ()i

By well-known nonuniform estimates in the Berry—Esseen type central Limit
theorem (see Petrov, 1975, Theorem 14, p. 125),

3 cpo?
()~ F (0 s e

for some universal constant c. Since (1 + [¢|*)~! is integrable, we obtain the
desired result,
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For the expression of E(|N — al), we note that for ¢ > 0,
E(|N—a|)=E(|N|)+ E(|N —a|—|N|) = E(|N|} + aP(N < 0)
+E((a - ZN)II()(N‘(G]) - a.P(N > a)

= E(|N1) +a - 2E(NIy y<y) — 2aP(N > a)

37 +a— aP(|N| > a) z[“"""m d

= -a >a)-— t

/T ta IN| Y Vir
2(1 - e=+7?)

=\/2/—W+GP(IN1<61)—T,

which was to be shown.

In the remainder of this section, T is an arbitrary interval, [—r, r] is the
support of K, K* is an upper bound for K, and T* is defined as {x: |x — y| <
hr for some y € T}. Thus T depends upon k. Also, ¢ is the constant of
Lemma 8, B,(x)= E(f,(x) — f(x) is the bias at x, V,(x)=f,(x)-
E(f,(x)) is the variation at x, and o2(x) = E(V,*(x)) is the variance at x.

LEMMA 9.

|B,,(x)|)' L K

lf(zf,,(x)—f(xm—o,.(xw( o= S

for all densities K satisfying (2).
Proof. Apply Lemma 8 to the random variables

e b ) 5

h h

and use a = B,(x)/0,(x). We obtain an error term in Lemma 8§ of the form

E(|Y1|3) cK*
< .
nE(Y?) nh

LEMMA 10. Let T be a bounded interval. Then, for all h > 0 and all
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densities K,

=] —)/fif*thfM (7) <—f - 7
</ fireKi - M)

where K = K/[K™. Also, [r\onh /o — JF| = o(1) as k 0.

Proof. We first note that for bounded sets, we always have [, n/f < a0. We
have 62(x) = a(x) + b(x), where

a(x) = ———“2{12”)

and

7 2
b(x) = (f*Kih—f)az UK

Clearly, a(x) =z 0. Thus, ya(x)+b(x) < ja(x) + b.(x), and
Ja(x) + B(x) = Ja(x) ~ /|#(x)|. Integrating over T and applying the
Cauchy—Schwarz inequality gives

fous 2=\ [T + [ir-xT 7]

< %(jr\/? + \/flf*K;, —f:A(T)),

and

foz ‘,,f—;?(fr‘” - ffu*xf, - fIM(T) - »ff*K,,}

The first half of Lemma 10 follows easily from this. The last statement of
Lemma 10 follows il fp]b(x)l = o(1). But this is a consequence of
= of1), MT) < o, and f|f» K] — f| = o(1) (see Theorem 2.1).

LEMMA 11. For all f€ #, all K satisfying (2), and all bounded inter-
vals T,

JJi = Sw1r1| = o(42) ashso.
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The same remains true if T is replaced by R whenever [ has compact support,
€ #, and K satisfies (2).

Proof. Let K be the function of Lemma 3. Then

L)1 - Swir| = Swf)

< Bwffaier o

ﬁkwf'wﬂ

= o(h?)
by the Lebesgue dominated convergence theorem. Here we used the fact

that (2/3)@ s f” — { at all x (Theorem 2.3), that |f"| is bounded, and
that K2/B8)K,, » f”| < sup | /(X))

We need one last technical Lemma before we can attack Theorem 1.

LEMMA 12. For nonnegative numbers u, v, w, z, we have

u‘p(%) - w#:(%)] <lv—z|+ \/Ew _—

Proof. We verify first that 0 <y(u) <1, all u =0, and that for all
0 =0, uy(v/u))| < y2/7. Thus,
z z
w(5) (2]

() =e ()] =) - )]+

s|u—z|+\/§|u—w|.
T

Proof of Theorem 1. Theorem 1 has several components, First, we assume
that f€.# and that f has compact support contained in a bounded
interval T. Take T so large that for every x in the support of f, the interval
[x — a,x + a] is contained in T, where a is a number sufficiently large so
that K,(u} = 0 for all n and all |¢| > a.

We will begin with the inequality of Lemma 12 applied in the following
manner:

u=o9,{x); v=|B,(x);
B av"f_(;)__ _ B
W= Vel z= Ehzlf (x).
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Now,
fT|U—zt=a(h2) (Lemma 11)
and '
fT|u - wl=o((nk)™""*) (Lemma 10).

Thus, combining this into the inequality of Lemmma 9 gives

fTE(m—n)—J(n,h)[

| B,

LE(lfn‘fl)—f°"¢(;:

cK* 2 -1
< W}\(T) +o(h )+0((nh) /2),

= +

fa,,xp(%'i)—d(n,h)’

where we used the fact that J(n. h) = frwy(z/w).
The inequality involving J(n, 4) follows from y(u) < u + 2/7:

z 2
J(n.h)= fTw#z(w) < sz Y= fTw.
Let us turn now to alt densities f having compact support, and let us denote

the quantity sup, . , /K f * ¢,)”| appearing in the definition of B*(f) by L.
Again, from Lemma 9 and the inequality §(u) = u + /2 /7, we obtain

fpth-m s [{ 2o+ i8]+ SN,

and by Lemmas 4, 5, and 10, this is further bounded from above by

@%f}/j + E%\/ﬂfﬂn - fIMT) + §h2L+ 5,?,-,:’\(”’

where K1 is the density defined in Lemma 10. The second term is
o((nk)~17%) when h = o(1) (Theorem 2.1). The last term is o((nk) /%)
when ni — oo, This proves the first upper bound for general f. If we take
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the value of A given in the statement of the theorem (i.e., the value that
minimizes the main term in the upper bound), then

2 a B*
\/;ﬁf‘/f + §h2L= C*A(K) Lf;)

n

and this concludes the proof of Theorem 1.
Proof of Theorem 2. We have

. . . | )
inf£(J,) = min{ inf E(J,), inf E(,)) @

Consider a sequence h such that E(J,) ~ inf, E(J;). It is clear that
E(J,) = 0 for all f, because (3) is sufficient for E(J,) = 0 (Theorem 3.1).
But because E(J,) > [|f * K, — f|, we must have & — 0 (Theorem 2.4). We
will now treat each infimum in (4) separately.

First, if & is such that & > 1/yn for all n, and E(J,) ~ inf, 5., E(J,),
then by what we mentioned above, A — (. Also, nh = oo, and, in fact,
nh/n** — 0. Now, let T be a bounded interval, and a > 0 be an arbitrary
constant. We have for such A the following lower bound for E(J,):

|B,| X (by Lemma 9, the convexity
f‘E(Ifn -fl)y= fﬂnlll T - 7 A(T) of ¢ and Jensen’s inequal-
T T n ity) A

4/3 1/5
=C fo f|B [| = o{n%%) (definition of C})
r" r "

2 an(a fﬂ)“(% /| |(f~¢,.)"|)1/5(1 +o(1))

(Lemmas 4 and 10)

4 1/5
~ n‘2/5CA(K)[%(fTﬂ) fri(fwa)"l]
(definition of A(K)). (5}

Next, let # be a sequence such that & < 1/Vn for all n, and E(J,) ~
nf, <) £(J;). By Theorem 3.1, we know that nk — oc. Also, by Lemma

'y

E(1) 2 3E(fif -1+ Kil)
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By Fatou’s lemma,

liminfn23E(J ) > 11iminfn2/5E( LK),
PR

n—og

and the right-hand side of this is oo when for almost all x with f(x) > 0,
liminf, , . n*’E(|f, — f*K,|) = w. To show this, we will use the
Berry-Esseen central limit theorem used in Lemma 8. Let ¢?(x)=
Var{ K,( X, — x)) and let M be an arbitrarily large positive number. Let Z
be a normal (0, 1) random variable, Then,

nCE(1f, = /% Kil) afv.n’(tf,.—f“"h'2 ’%)
—MP(Iﬂ,“f‘KhIUﬁ: 2 :2{!;::5)

Mn*/10

R

> M(P([ZIZ ) — 2¢a, *n VE( K, (X, — x)

CE(K,(X, - x))f))-

By inspection of the proof of Lemmma 10 and Theorem 2.4, it is easy to see
that 07(x) ~ &’f(x)/h for almost all x, as h — 0. Also, by the c,-inequal-
ity and Theorem 2.3,

E(1K,(X, - x) — E(K\(X, - x))P)
s 4E(h-3K3(—’%_—x)) +4(E(K, (X, - x)))’
= 47 f (K?), + 4(f*K, Y
~ ah~}(x) [K? + 47(x) ~ 4h—2f(x)fK3. almost all x.

Because n'/V/0,(x) ~ n'Y%h /aiff(x) < 1/(n*Xajf(x))— 0 for al-
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most all x with f(x) > 0, we have

4 [K? jf(x)

n*PE(|f, — [+ K;l) =2 M1 —(2c + 0(1))W

= M{1 — ¢(1)), almost all x with f(x) > 0.
Since M was arbitrary, we have shown that

liminf inf n?/3E(J,) = =
n—o0 Amsl

and this, together with (5), the definition of B*(f), and the monotone
convergence theorem implies

1/5
ass | JI(f*8.)"|
liminf infn**E(J,} >  sup CA(K)(fT\/?)/S(L 75 )

n—o0 A a={
bounded T

= CA(K)B*(/f).

This concludes the proof of Theorem 2.

4 THE HISTOGRAM ESTIMATE

The treatment for the kernel estimate can be mimicked for the histogram
estimate on R. We will only consider the simplest histogram estimate

defined by the partitions
&, = {[kh,(k + 1)h), k integer) (6)

where h = h, is a sequence of positive numbers. The L, theory for this
estimate was thoroughly developed by Freedman and Diaconis (1981) for
densities in .%,, that is, functions satisfying

(i) f € L,, [ is absolutely continuous with a.e. derivative f*;

(i) 0< ff?< co.
For example, Scott (1979) and Freedman and Diaconis (1981} proved
Theorem 4 below.
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THEOREM 4. When f € .F,, the histogram estimate defined by (6) satisfies

i(:-&eff’z)w

i]:fE(f(fn_f)z) ST

and this rate is attained if we take h ~ (6/(nff"*))!/>.

Theorem 4 is stated here without proof, merely for later reference, We
note that for the smoothest f, n~2/3 is the optimal L, rate as compared (o
n~%% for the kernel estimate. For smooth f, we expect a better L,
performance with the kernel estimate at least for large n. We will show in
this section that the same remains true for E(J,). Of course, one cannot
extend this nesting of performances to all densities f. For example, when f
is uniform on [0, 1] and # = 1, then E(J,) = 0 for all n, while, regardiess of
how £ is chosen,

liminfn*E(J,) = o0
n=+ o0
for the kernel estimate (Theorem 2), because sup, ..o [{f*¢,)"] = « and
thus B*(f) = o0
In this section, # will denote the class of functions satisfying (i) and (ii):

(1) f is absolutely continuous with a.¢. derivative f*;
(ii) /' is bounded and continuous. (Note: f[f’| < 00.)

THEOREM 5.  Forall f € &, the histogram estimate defined by (6) satisfies
the following lower bound.

hmmfmfnmE(J )= CyBy(f) = Cq,

n—=o
where
Cy = inf, ¢ (u)/(2u)" = 0.880261 -

and
1/3

By(/) = (%(f‘/f)zflf’l)
(which is = 1 for all fin &).

For the present section, and Section 5, we need anothcr function, r,,
defined as follows:

r(x) = b—:a‘f, allx € A,; = [a,b) = [jh,(j + Dh).
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This, on the real line, is a sawtooth function taking values between 0 and 1.
We wilt also need

z(x) = (1 = 2r,(x)) f(x),

a function that is well-defined for f in #. The function :z, oscillates
between ~f” and +f°.

THEOREM 6 [Exact Asymptotic Behavior of E(J))). Let f€ # have
compact support. For the histogram estimate defined by (6) and (3), we have

E(J)=J(nn)+ o(h + 1),

Vnh
where
J(n, k) = f\/%np(%w ff’l ]
Also,

lim sup i!’}anSE(Jn) < CiBu(/f),

n—+2x

where C} = (27/4m)/% = 1.290381 - - - .

Thus, on &, we have squeezed E(J,) between two close bounds,
CyBy(f)/n'? and CLB,{(f)/n'", where C%/C; = 1.46590 - - . Thus,
B, {f) measures to some extent the difficulty f poses for the histogram
estimate. What is intriguing is that B,,(f) # B*(f). In other words, densi-
ties that are easy lo estimate with the kernel estimate may be difficult to
handle with the histogram estimate and vice versa. For example, the
uniform [0, 1] density has B*(f) = o, whil¢ it can be approximated by a
sequence'in F with B, values tending to 1, the minimum possible value
for B,,. The rectangular density is thus the easiest density for the histogram
estimate.

A second consequence of Theorems 5 and 6 is that, for smooth densities,
the average L, error for the histogram estimate musl vary at least as n /3,
thus at a rate worse than that for the kernel estimate (n~2/%). Whether for a
particular n the kernel estimate is better depends to a large ¢xtent upon the
values of B, (/) and B*(f).

Distribution-free lower bounds of the type obtained in Theorem 2 for the
kernel estimate do not exist for the histogram estimate. It seems that to
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obtain such bounds, one should consider criteria of the type

inf sup £(J,)

X0

where &, is replaced by 2 (x,) = {[kh + x4, (k + 1)h + x4), k integer}.
This will not be pursued here because of the clear asymptotic inferiority of
the histogram estimate already established on a large subclass of #.

5. PROOGFS OF THEOREMS 5 AND ¢

In this section, we let u, be the empirical measure for Xi,..., X,. and let
be the measure corresponding to f. Let A4, ; = [jh,(j + 1)A),

fx) = Ealde).

XEA

njs
and

g0 - B0 = E0eq

Throughout the section, T is a bounded interval of the type [—1. ¢].
LEMMA 13. If f|g, — f| = O for a given f € %, then lim, , _h = 0.

Proof. We note that Lemma 13 does not hold for all f, and thatitis not a
consequence of Theorem 2.6. .

Assume first that lim,_ A= . Then, g, > 0 for all 'x, and
liminf, . ftg, — f| = fliminf, _, _ |g, — f| = 1, which is a contradiction.
Assume next that im, , & =¢ > 0. Forh = ¢, f|g, — f| = 0 implics that
{7 = 0 almost everywhere. But since f is absolutely continuous, this would
imply that f= 0 almost everywhere. Thus, we must conclude that for
h=c¢>0 flg, — fI > 0. Let us make the dependence upon 4 explicit as in
g,- It 1s clear that we have a contradiction, once again, if we can show that
h — ¢ implies [|g, — g.| — 0. This contradiction would conclude the proof
of Lemma 13.

To prove this, we need only show that g, —» g for almost all x and
apply Theorem 2.8. Assume, without loss of generality, that x > 0. Now,
x € [Jh,(j+ DAY N ke, (k + 1)c) for some integers j, k. For A close
enough to ¢, we have / = k. Let A be the intersection of the two intervals,
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and let B be the symmetric difference. We have

81 = 8 = w(4) 5 — ¢| + @5+ 5) s B + o =00,

This concludes the proof of Lemma 13.
LEMMA 14. If X is a binomial (n, p) random variable, then
¢

supP(X=i) g ——————
i ynp{l = p)

for some universal constant ¢,

Proof. We use the fact that &!=(k+ D)*2w(k + 1)e **Vexp(d/
12{k + 1)) for some 0 < # < 1 (see, e.g., Whittaker and Watson, 1963).
Thus, since all terms P{ X = i) are less than the Ath where & = (n + 1) p
(Feller, 1968, p. 151), we have

_];)n el+1/24 I" +1
il o2a(k + 1)(n —k+1)

2124y
2a(n+ Dp(n+ 1)1 - p)

P(X=i)< (1

< “'———,_.__C ,
ynp(1 - p)
where we used the inequality (1 + ) < e“
LEMMA 15.
inf B =1.
inf, w(f)
Proof We know that j,/f > ff/supf = 1/ /supf. Since f is abso-

lutely continuous, [|f’| =2 2supf. Combining these inequalities shows that

M) (fir) =

To show that this lower bound can be attained, we construct a sequence of
densities f = g * ¢, in F and let # — 0: here ¢ is the normal (0, 1} density
and g is the uniform {0, 1] density.
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It is a simple exercise in analysis to show that f\g*¢, — (/g =1 as
h— 0

Furthermore, since the convolution of two symmetric unimodal distni-
butions is unimodal (Feller, 1971, pp. 167-168), each f is unimodal.
Therefore,

fl(g*th,)’li Zsup(g*¢,) > 2supg =2 ash 0.

This shows that for this sequence limsup By (f) < 1.

We inherit the notation of Sections 2 and 3. In particular, ¢’(x) =
Var(f,(x)) = Var(p,(A,,;)/k), x € A, ; and B,(x) = g,(x) — f(x). Also,

E(1) = DE((4,))).  where 4 (4) = f1f =1
In analogy with Lemma 9,

IB(x)I)d S%, for all j, (7

E(s{4.)) - [ o(xw( e

A,

where the error term is computed as follows from Lemma §:

(lIA (X)) —u(4, )|3/h3) dx < (;If de = &,
AnE( 1L (X)) -~ u(A4,,)1/h?) 4 "

Also, in analogy with (5), we have

18,

SE(AD L)

E(J(T) = [o¥ ;

g,
T

>CH(f ) (2]|B|)1/3—;(L:l +2) (8)

because Cp, = inf Y(u)/(2u)"/>.
LEMMA 16. Assume that lim,,_, , h = 0. Then [,|o,ynk — /f| = o(1).
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Proof. let x € A, ;. Then 67(x) = u(A4,,X1 — p(4,,))/(nh*), and thus

lﬂn‘f"—’— - \/?I 1l/.u(Anj)(l - P'(Anj)]/h - 1/7]

< % + e (4,,)/h = VF
gV + Wz, — )l <gvh + g, — 11

Now, take integrals on left and right, and apply the Cauchy-Schwarz
inequality and Theorem 2.6:

[ 1o = 7 < VK + [ \f& =11 = Vi +/ [ 18, = /IMT) = o(1).

LEMMA 17. Assume that lim,_,  h =0, and that f € F has compact
support. Then

g,{(x}=o(h), forallx, and fq,, = o(h).
where q,(x) = |B,(x) = (h/2)z,(x)|. For all f € %, we have

h h ,
Jan=o(k) and [18~ 3 [lz1~ 3 [ 1/
Proof. By Taylor’s expansion with remainder,
F)=1(x)+(y = x)f(x) +(y = x) S E) - f(x)),  x<é<y—

Thus, for x € 4,,,, |”'

8= [ [=1+ [ (-0fD

3 ) = N0O N
= J(x) + B2,(x) + b(x, ),

where |b(x, h)| < sup|,_ <4 |f(¥) — f(x)|a/2 is bounded by # times an
mtegrable function (because f has compact support, and sup|f’| < o), and
b(x, h)/h — 0 for all x (because f' is continuous). Thus, fgq, = [|b(x, h)|
= o(h), and gq,(x)=o(h) for all x., When f does not have compact
support, it remains true that [ q, = o(h).

Thus, for all f€ F, [|B,| ~ (h/2)[r|z,| We are done if we can show
that for such f, friz,| ~ 3 fr|f’} Now, let N, be the collection of indices j
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for which A, ; € T. Obviously

nj—g

Y [ 110 - 2n) < suplf- 2k = o1).

JEN, TNAy,

Because f’ is continucus on 7, it is uniformly continuous on T. In
particular, for fixed ¢ > 0, we have {f'(x} —f'(y)| <e for all [x —y| <
h,x, v € T, and all & small enough. Using this, we have the following chain
of ineqgualities:

Y[ o arm-2ni< Eosuwp if1f 1o 2

JEN, TnAnJ JEN, Tﬁfl An}

IA

Y, sup |f]f Il-—Zh‘dx

JEN, Tﬂff

T s ISl

JEN, Tﬁ.ﬁ!

) -fm (1f1+ ) + O(h)

JEN,

%frm + %frs + O(h).

Similarly, a lower bound 4/,|f| — 4 /7€ — O(h) is obtained, and we are
done.

Proof of Theorem 5. We will split the proof in half by the following
device:

i = mi i inf E(J,)].
‘EfE“")—“““(hﬁlfuﬂ)'hﬁ’g (%))
First, let & be a sequence such that E(J,) ~ inf, &, E(J,). We know that
h — 0 {because E(J,) = [ig, — f] and this tends to O for f€ % if and
only if # — 0, by Theorem 2.6 and Lemma 13). Also, 1/nk = o(n™'/"7).
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Thus, combining (8) with Lemmas 16 and 17 gives for all T = [-¢,¢]:
inf E(J,)~E(J,)=E T
ot E(3) ~ E(J,) > E(J,(T))

f1B

= |- 54D

> CH( jT Jf)m( fT |f'1)w(2n)“/3(1 +0(1)).

Now, let T tend to R, and conclude that

liminf inf E(J)n"? 2 CyBy(f). )

n—o hfn sl

Next, we consider a sequence for which n'°E(J,) ~ inf, g ., n'*E(J,).
By Fatou’s lemma,

nE(J,) 2 %fﬁmihfnmE( fu — 8al)-
e on

Fix xeA,,, and let Z be a binomial (n, u(A,,)) random variable. By

Lemma 14,

¥

RSE(\f, - ga) = 0 (nk) T E(|Z ~ E(Z)|)
2 MP(|Z — E(Z)| = Mhn/n'/*) (for arbitrary M > )

2Mhn 3
> M|l - s ; (10)

][';"(Anj)(l - F(Anj‘))

where ¢ is the constant of Lemma 14.
By Theorem 2.2, u(A4,,)/h = f(x) for almost all x because £ — 0).

Also, p(A, ;) 0 for almost all x. Thus, (10) ~ M(1 — 2Mcyhn'3 /f(x))
~ M for almost all x with f{x) > 0. Since M was arbitrary, we have

liminf inf #*2E(J) =0 (11)
oo hfrsl

Theorem 5 now follows by combining (9) and (11}, and applying Lemma 15, :

i

1
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Proof of Theorem 6. We start from inequality (7) and let T be a set
[—1, t] containing the support of f. Then

< E(A—(I%—%ﬂ + 2) = O(;lz)' (12)

|EC3) = fontiBie)

Let g, keep its meaning from Lemma 17 and let p, be Jo, — /f/nA|. In
Lemma 16, we have proved that [p, = o(1/ Vnh ). Arguing as in the proof

of Theorem 1,
|- Vel || ofol(2) 4[5 )

|5 2) - %ng|%)S%+M§m (13)

Combining (12), (13), Lemma 16, and Lemma 17 shows that E(J,) —
J(n, by =olh + 1/ Vnh).

The second part of Theorem 6 uses the inequality () < y2/7 + u on
Hn, k).

Then, cheose the & that minimizes this upper bound, that is,

[ Bal
o’l

<aq,

%w

|
oﬂ

o

1/3

- 2
AR
)"

and the result follows.
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6. CHOICE OF THE SMOOTHING PARAMETER

In Theorems 1 and 6, we obtained exact asymptotic expressions for E{J, ).
Unfortunately, the sequence A that minimizes the main term in the asymp-
totic expressions is hard to extract in closed form. The upper bounds of
Theorems 1 and 6 lend themselves better to such minimization, We obtain
for the kernel estimate, after choosing the Epanechnikov kernel (1 — x?),
x| <1 (with [K? =1 and [x’K = {);

F fir1

valid for f € %, the class of densities for which Theorem 1 is valid. When
f € %, the class of densities for which Theorem 6 holds, the corresponding
h for the histogram estimate is

el

-1/5 (14)

“13 ’ (15)

fi . :

We should stress that (14) and (15) are only valid for f € %, (or € #y),
and then only for those / with finite f/f and f|f”|(or [{f']). If one of these
integrals is infinite, we obtain the strange result that the nearly optimal # is
. or 0. This contradiction is of course due to the invalidity of the formal
minimizations when one of the terms involved is infinite or 0 (see, e.g., the
apper bound for J{n, k) in the proof of Theorem 6). Since all these
conditions are hard to check, any attempt at determining # by approximat-
ing (14) or (15) is doomed to cause serious concern among the users.

For the choice of A, we also refer to Sections 5.8, 5.9, and 5.10, and
Chapters 6 and 9. In Chapters 6 and 9, for example, very general con-
sistency theorems are given for density estimates with data-dependent
smoothing factors. Here, we would just like to point out the features of the
parametric method for determining A.

Assume that f belongs to, or is close to, a member of a parametric
family f,,# € R*. For this family, (14) and (15) are explicitly known (by
assumption): cx(8)/n'/> and c,(8)/n'/>. Estimate # from the data in a
conventional way by 4, and use ¢, (8)/n'”* and c,(8)/n"" instead of (14)
and (15). If at all possible, robust estimates should be used for §. This, the







