CORRESPONDENCE

On the Maximization of Divergence
DIMITRI KAZAKOS, MEMBER, IEEE

Abstract—An erroneous method for maximizing the projected diver-
gence between two Gaussian multivariate hypotheses appeared in a recent
paper. The correct solution is given.

INTRODUCTION

Distance measures between statistical populations have found
wide applicability in several diverse areas. Recent advances in
source coding theory [1]-[3] and robust estimation [4] rely
heavily on distance measures and their intrinsic properties. In
addition, a large segment of the statistical pattern recognition
literature deals with the problem of finding a linear transforma-
tion that maximizes some distance measure between classes
[51-[10].

In a recent paper [11], an erroneous method was used for
finding the linear transformation that maximizes the divergence
between two Gaussian populations. In the present correspon-
dence we give the correct solution, which turns out to be a
special case of the general result of [12].

MAXIMIZATION OF DIVERGENCE
Let fi(x), f(x) be the probability density functions of the
observation vector x € R" under hypothesis H,, H,, respectively.
The divergence J is defined as
I=[ LA =A@ log [AG)fF ()] dx. (D)
If f(x) are Gaussian with means M, and covariance matrices 2,
i=1, 2, the divergence becomes

2J=(M1—Mz)’[zl—l"'zz_]](Ml_Mz)
+trace [ 27 'Z,+3; ' -21]. (2)

Following the development of [11], let £=X,+3,, R;=P3,P’,
i=1, 2, and M =P(M,— M;), where PZP'=1. Let Y= PX and
z= V'Y, where V is an n-dimensional unit norm vector. Then
the transformed divergence for the scalar random variable z and
for the two hypotheses H,, H, is

2J=[1+(V'M)2][V'RIV—(V'R,V)Z]“—4 3)

under the condition
Viv=1. 4)

In order to find the value of V that maximizes J, we must seek
the maximum of (3) under the constraint (4) because (3) is valid
only for a unit norm V. In [11), the author ignores the unit norm
constraint and proceeds to find the unconstrained extremal
points of J by setting its gradient [11, (13)] equal to zero. As a
result, his subsequent equations are in error. To correct this, let

L(V,N)=J—2A(V'V—1). (5)

Setting the gradient of L with respect to V¥ equal to zero, we
obtain

M(V'M)VRV—RV(1+(V'M)?)
=MVR V) (1-VRV)V. (6)
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Multiplying (6) by V* we find

A=—(1-VRV) . Q)

From (6) and (7)
M(V’M)(V’RIV)=[(1+(V’M)2)Rl—(V’R1V)I]V. ®)

The solution of (8) with respect to V provides the optimal V" that
maximizes J. The form of (8) is also derivable as a special case
of Peterson and Mattson’s theorem in [12].
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On The Rate of Convergence of Nearest Neighbor
Rules

LASZLO GYORFI

Abstract—The rate of convergence of the conditional error probabilities
of the nearest neighbor rule and the kth nearest neighbor rule are
investigated.

INTRODUCTION

Let (X, 85), (X1, 1), - - ,(X,» 0,) be a sequence of indepen-
dent identically distributed random vectors where X; takes val-
ues in Euclidean d-space E¢ and the possible values of its label 8,
are the integers {1, 2,---,M}, j=1, 2,---,n. The a posteriori
probability functions will be denoted by

pi(x)=P(@=ilX;=x), i=1,2,---,M.

Given Z"=((X}, 81), - - ,(X,,, 8,)), we wish to estimate the label
8, of X, The nearest neighbor rule estimates 6, by the label of
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the NN of X, say X7 ,, from the set X, - -, X, (see [1]) where
the measure of closeness is defined by the Euchdean norm |-|. If
61 , denotes the label of X7 ,, then the 1-NN decision is incorrect
if 945 6 ,. For an integer k < n the k-NN decision rule can be
formulated as follows. Let X 1m X300+, X{ , be the first, sec-
ond,- - - ,kth NN of X, from the set {X,,---,X,}=X". If for
i<j |Xo—Xi|=|Xo— X;| then X; is closer to X; by definition.
Denote by 8/, the label of X/,. If L; is the number of those
labels that are equal to i, 1 <i <M then the k-NN decision 67,
is equal to i if L;=max {Ll, Ly---,L,}). If L, and L; are equal
and maximal with { <j, then 6, is taken equal to i. The k-NN
decision makes an error if BoaéOk e

We will make two assumptions.

A) The random variable X, has a continuous probability
density f.

B) The a posteriori probabilities satisfy the weakened
Lipschitz condition: there exists a Borel function K; such that

|2i(x) =D <K()x~yl,  xy€E%i=12-- M

T. Cover [2] has investigated the rate of convergence of
P(6,0; ,) to R, the asymptotic error probability of the 1-NN
rule. If 4=1 and M =2, then he has proved that |P(8,8{ ,)—
R|= 0(1/n?) provided that the conditional densities of the ran-
dom variable X, have third derivatives and these densities are
bounded away from zero on their support sets. Under some mild
conditions on the conditional densities, T. Wagner [3] and J.
Fritz [4] have proved that P(|P(8y#0] ,|Z")~ R| > E) converges
exponentially fast.

REsuLTS

Using the notation of Cover and Hart [1}, let
N M
r(x)=1- X pi(x)
i=1

be the asymptotic conditional 1-NN error probability (or risk)
for the point x, and let

r*(x) =1- max pi(x)
1

be the corresponding conditional Bayes risk. Let c, be the
Lebesgue measure of the unit sphere in E¥.
Theorem 1: With assumptions A, B we have for each u >0

Tim P(nl/le(ooségl,,n'XO’ Xy, - 1Xn)_r(X0)l >u) <F(u)9
n—o0

M

where

F(u)=E| exp { —u“- caf(Xo) y

i=1

@

The expression (2) has the disadvantage that it cannot be
calculated because f, p;, K;, i=1, 2, -+, M are unknown. How-
ever, (1) implies that

Jim P(n®|P(0558{ a| X0, X")—r(Xo)| >u)=0
for 0<a<1/d and u>0.

Theorem 2: With assumptions A, B we have for each u>0
and k,=[n*/@*9)

. P(,, /@+d)
m

n—oo

7T 1P(Be#02, 1| X0, Z7) = r*(Xo)| >“) <G(u),

3
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where
M
> K(X)

. i=1 Su
1+5 (caf (Xe))?

G(u)=2Me~ "+ P )

and [x] denotes the integer part of x. If k, =[n"] where 0<a <
2/(2+d), then

Tim P( 1|P(007&0k | Xo Z”)—r*(X0)|>u) <2Me™ ",

)
PROOFS

The proofs are mainly based on the limit distribution of X7 ,
and on a weak law for Xy .
Lemma 1: Under the condition A, for each u>0,

Jim P(nVD| Xy~ X{ | >u|Xo)=exp (—f(Xp)u'c,y) as.

M
Proof: By the definition of X7,

P(nl/dIXO_Xll,nl>€|X0)=(1—Q[S(X0, “‘li/g :|)
n

=exp(n'108(l_Q[s(X°’ 1/")}))
®

where Q stands for the distribution of X, and S(x, r) is the
sphere of radius r centered at x. Because f is continuous,

€Cd ECd

o(s(Xo =7 ) )= G+ SHo,  ©

as n—00. On the other hand, Q(S(X,, (¢/n'/9))) >0 a.s., and for
each 0<z <1

log(1-2)=—2z+0(z%, z-0. (10)
Therefore (8)—(10) imply (7).
Proof of Theorem 1: Cover and Hart [1] have shown that
M
P800 u)Xos X") =1~ 2 pi(Xo)Pi(X{,0)s 1

i=1

so that by condition B

M
[P(80501 4| Xos X")— r(Xo)l < 2 Pi(Xo) pi(Xo) —pi(X{ W)

<|Xo— X1, 4l 2 K, (Xo)p:(Xo)-

) (12)

Applying the dominated convergence theorem, Theorem 1
follows from (12) and Lemma 1 since

Tim P(n'/%|P(8y8] .| X0, X")— r(Xo)| >u)
n—»o0

< lim E

T { ( 1d\xi  — X 2 K(XO)P(X0)>“|XO)}
<& { Jim, o

= E {exp

1/d|X1 »— Xol 2 K.(Xo) Pi(Xy) >ulXo)}

i=1

d.

u

M
2 Ki(Xo)P(X,)

i=1

caf(Xo) (13)
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Lemma 2: Let{y, $5, -+ ,$,, -+ be a sequence of independent
identically distributed nonnegative random variables with a
common continuous distribution function F. Denote by
{we e, $x, the ordered sample of §),---,{,. Assume that for a
real » >0, the limit

im F&) 24 (14)
z—0 zZ
exists and is positive. Then
lim (F) L §§,,, - (15)
n—o0 n n r
j=1 (1+7)g(§1/)
in probability.
Proof: Introduce the notation
F(2) = P(${<2). (17)

Then —log (1—F.(§), i=1, 2,---, is a sequence of indepen-
lent exponentially distributed random variables of parameter
ne. A. Renyi [9] has proved that

)= 2

—log (1- F,(&* (18)

vhere for fixed n {8,0, 8,1,-**,8,,) is 2 set of independent
:xponentially distributed random variables of parameter one. We

thow that

(k,,)l/ é (—log (1-F(¢*, )))l/r _fl—

(19)

n mean square and therefore in probability. On the one hand
18) and &, /n—0 imply that
Kn

. n l/rl
im (2) £ 2
n nj=1
Jj—1

1 k, 1/r
=nll>n}o kl+1/r g E( g 8n,i)

)

E(~log (1-F,(*;

= lim

n— k

1 R R
1+1/,- ZJ’E 2 8,,, = 1 (20)

I+

ince E[(1/)Z4286,, ]'/" does not depend on 7 and tends to one
f j tends to infinity. On the other hand by Jensen’s inequality,

1/r L r 2
Iim E ( ) € > (~log (l—F,(Q*n)))l/
n—»o00 kn kn j=1 ’
— 1 § k, (uil )l/’(vil )l/’
< llm e E 8ni 8"
n—oo K2¥Hr 20 2, i=0 S }
) 1 k, Kk, u—1p—1 ir
<lim 5 202 [ 2 2 E@,8, 1)}
m u=10p=1| i=0 [=0
1 k, K,
. . 1/r
=i e 2, 2 Imin (e o) +uel

=;_ (21)

)

iquations (20) and (21) imply (19). Let

h(x)= sup 2 -
o<y <x (ﬁ%ﬂ—ﬂvﬁ)”’
8o
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Then by (14) and (17)

lim h(x)=0, (22)

n l/rl kn . n l/rl
(%) =20 (z) %

n

S (—log(l—F,( ;r:,)))‘/
8o

aN/r1 & —log (1-F())\/”
<(E) _njgl( £o )
. g‘;n _
(U= r G}
8o
Vr1 & —log (- FEN\Y", .
(£)" %2 ()

~log (1-F.(§*
£o

<h(st. ")( ,.) L %( Z)))l/,_)o

in probability, since {¥ ,—0 a.s. (see [5]) and (19) and (22) are
satisfied.

The proof of Theorem 2 needs a result of L. Gyorfi and Z.
Gyorfi [S].
Lemma 3: Foreach 1/2>u>0and 1<i<M
L 1 & ,
”( E, " 2 P
Lemma 4: Under conditions A and B, for each u>0, k, >
Ru(M+ 1P,

Vk,

P(wﬁ“’(”o#'é,nlxo, Zm)—r*(Xo)| >ulX,, X")

>u|X, X") <2e vk (26)

<2Me ™ X( (S K (XD(1/ VY8 - X=X ) 70}
(27)
Proof: We show that

Mr.
—r*(Xp)< X F‘—Pi(XO)'

i=1

P(Oo#0F u| X0 Z7)

Let us denote by A, , Ay the partmon of E? for the decision
G¢, so thatA—-{0k,,—z} i=1,---,M, and by A,,---,A the
partition of the Bayesian decmon By the definition of k,-NN

decision, (L;/k,)~(L;/k,)>0 on A, for each i, j=1,--+,M,
and
M
P(Bo540% | Xo Z")=1— ", P(8p=1i,0F ,=i|Xo, Z")
i=1
=1- 2 X, (Xo) Pi(Xo).
Therefore ,
P(8o56%, | Xo» Z")"’*(Xo)
M
= 2 X4, (Xo) Pi(Xo) — 2 X4, (Xo) Pi(Xo)
2 2 X404 (Xo)(Pi(Xo) — P(Xy))- (28)

i=]j=1
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Since P{Xy)> P(X,) on 4; and L, >L; on 4,
P(oo#olt, n|X09 Zn)_ r*(XO)

M-1 M
= 21 > x(A,-nA',-)u(A,nii)(Xo)|Pi(Xo)_P,'(Xo)|
i= j—i+

2 2 X(A n4)u(4,n4;)(Xo)

i=1 j=i+
L
((P 00— 2|+ B~ 2
L;
21 Pi(Xo) - ﬂ @9)
Applying (29) and condition B

P(ao#ol: anO’ Zn _r*(XO)

< 2 — =7 % P(X/,
i=1 " jgl ( ) (30)

k,
P K,-<Xo>)(ki s lXo—X;f,.l)-
n j=

i=1
If 0<u < 1/2, then by (30) and Lemma 3, we get
P(|P(o78%, al X, Z™) = r*(Xo)| > u| X, X™)

M L k,
<P(tL—Jl{F_k 2l
1 k,
{ ZK(XO)( > 1Xo )>
"_]=
Yk

1—1
X K X))/ k)2 | Xo— X)) >4/ (M + 1)}

3

o]

€D

Under the condition of Lemma 4, 4 can be replaced by u(M +
1)/ Vk, , and then (31) implies (27).

Proof of Theorem 2: In case {;=|Xo—X;|, r = d Lemma 2
implies that for k,—»o0, k,/n—0 and €>0

< 2-Me=W/(M+ D)%

lim P

n—o0

n\Y41 f o 1
(7) *, 2 1 Xo~Xj,| +%)(c,,,f(Xo))l/d

1
>€IXO =O.

J

Consequently for each z
Tim p(( ki) z 1Xo— X
n—oo n

SX{1/Q+0/d)ea f(X))* > 2}

A >2|X, 0)
(32)
Therefore (32), Lemma 4, and &, =[n*] imply Theorem 2.
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An Upper Bound on the Asymptotic Error Probability
of the k-Nearest Neighbor Rule for Multiple Classes

LASZLO GYORFI anp ZOLTAN GYORFI

Abstract—If R, denotes the asymptotic error probability of the k-
nearest neighbor rule for M classes and R* denotes the Bayes probability

of error, then conditions are given that yield R, — R*< VMR, /k

INTRODUCTION

If k is a fixed odd number, then Cover and Hart [1] have
calculated the asymptotic error probability of the k-NN rule for
the two-class pattern classification problem. Our goal is to give
an upper bound for the error probability of the k-NN for
arbitrary fixed k and an arbitrary number of classes. We in-
vestigate the conditional error probability L, , and the asymp-
totic error probability R, of the k-NN rule. Wagner [5] and Fritz
[6] dealt with the almost sure convergence of L, , in the case
when the sample space is Euclidean space and the observation is
nonatomic. If the a posteriori probability functions satrsfy the

Cover—Hart condition [1] (see the theorem), if k/ n—>0 and if,
for each €>0, % e~ % < + 0, then we have shown [3] that
L, , converges to R*, the Bayesian error probability, almost
surely.

Our main result is a bound on the asymptotic mean-square
error E(L; ,— R*)? and a bound on R, — R*. These bounds on
the error probability are not tight. For example, in the two-class
case, the Cover—Hart bound [1] is tight and is much better than
that presented here. It is not known how to extend their result to
the case of multiple classes.

THE MAIN RESULT

Let £ be a random variable taking values in a separable metric
space X with the metric d. Denote by p an integer-valued
random variable taking values in {1,2,---,M}. The problem is
to estimate p after observing £. The function p(x)=P(p=il{=
x), x€X, i=12,--,M, is called the ith a posteriori probability
function. Let A4,,4,,---,4, be the partition of the space X
given by

4;= {X,Pi(x) >p;(x), ifi<j, pi(x) >p;(x), if i>j},
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