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where the supremum is over all individual sequences of lengkihen! = ¢;(n m)Y/? and = ¢ (n m)'/? (wherec; and
n with components in0, 1] (recall that the expectation is takenc are arbitrary positive constants), which requi@&\n )
over the randomizing sequence). computations.

We could immediately apply the coding scheme of Section Il In a practical implementation it is desirable that the computa-
if the setQ werefinite. Since this is not the case, we approximati#onal complexity per unit time remains a constant as the length
Q with Qg the set of allM -level nearest neighbor quantizerof the input sequence increases. In our case, such an imple-

whose code points all belong to thaite grid mentation is possible if the total computational complexity is
(K) _ linear inn. This may be achieved by settidig= ¢;n /3 and
O ={1(2 )32 )....(2 =12 )} @€ = ¢ n'/8. Then the computational complexity of the al-
By the Lipschitz condition om, for anyq € Q there is &’ € gorithm isO(Mn). However, with this choice, the normalized
Oy such that distortion redundancy deteriorates¥¢m'/ logn n'/®) (here

) we requirem = o(n'/® log n) in order to ensure that the dis-
sup |p(|z — q(z)]) = p(lz —¢'(x))[ < ¢, (2 ). (32) tortion redundancy converges to zero).

z€[0,1]
. K

In particular, for the squared error distortion the difference is at  PToof of Theorem 5: Letg x  0,1] — CtE) be a
most1 2 -level uniform quantizer ino, 1] (that is, a nearest neighbor

The next theorem shows that a slightly mietil version of duantizer with codebook' 1), and letz; = q rc(x;) be the
the coding scheme of Section I1l applied to the base refererd#dformly quantized version aof;. The algorithm %f Section Il
classQj (which has delay = 0 and decoder memory = 0) 1S modiied so that when choosing the quantigét) from O,
can perform as well as the best coding scheme that uses schig/cumulative distortions in (19) are computed with respect to
quantization and is allowed to change its quantizetimes for 1€ Sequencez; } instead offz; }. This“pre-quantizationstep

n source samples. Moreover, the proposed scheme can be if1ecessary to reduce the computational complexity of the al-
plemented dfciently. gorithm and only results in a slight increase of the distortion if

is judiciously chosen. The latter claim can be seen as fol-
Theorem 5: Assume thatn, n, [, , M are positive integers |ows: Without loss of generality, we can assume that in each
such thatM <, 1 > [log(y;) logM],n I > m, andl quantizer (including; ) each decision threshold is quantized
dividesn, and let0 < « < 1, > 0. Then there is a coding to the smaller nearest code point (that is, the quantization cells
scheme with zero delay and rafle= log M whose normalized are right-closed intervals). Ther(z) = ¢(z) for any quan-
cumulative distortion can be bounded for any sequerites  tizerq ¢ Qx andz € 0,1], wherez = ¢ k(). Therefore,

0,1]" as assuming the same realization{df,,} is used, the output se-
1 guencez” is the same in the following two situations: 1) the
E |- Zp(|xi - :f:,;|)] - D", (") original algorithm of Section Il is applied to the inpat; 2)
s the modtfied version of the algorithm above is applied to the
< p(1 2) llog input z™. Moreover
l R M
m—+1 _ _ _
K — —(z — =lx—-7|<1 (4
L1 (M) ) (z —q(z) = (Z—q@)[=le -2 <1 (4 )
| am(1 — a)n/imm=T 3 n_ implying
(33) p(lz = q(2)]) — p(|2 — q(z)]) < c, (4 ).
Moreover, the algorithm can be implemented with Thus, the difference of the normalized cumulative distortion of

the two algorithms can be bounded as
OM n 1)+0( 3nl)+0(n)

computational complexity. 1 L& c
E |- i— @) - B = zi — &) || < .
Remark: Assumingm < n [ —1,leta = m (n | —1). n ;p(lx, &l n = pllas = &) | < 4
Then, choosing optimally (based on (6)), similarly to (23) we (34)

obtain that the distortion redundancy can be bounded as
Similarly, the difference of the minimum distortions achievable
by changing quantizens, times can be bounded as

- D* ,m,n(‘rn)

1 — .
E [E > plwi — &4))
1=1

* n * -n CP
<E Loy Zlog— 4+ —+ —
l n Im n

This implies that the normalized expected distortion redundancy
whereC; andC are appropriate positive constants. From hex our modfied algorithm is no more than the redundancy of
the best possible rate achievableG$(m n)'/?log(n m)), the original algorithm applied ta™ plusc, (2 ). The latter
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redundancy can easily be bounded by Theorem 3 {#ith=
Qx| = (3;), & =1 2,andd = p(1 2) as

1 ¢ A . (an
— > n(l7 wil)] —D* o (Z")
=1
1 . ~ * =N Cp
SE| =Y pllas = ail) | = D* (@) + 5
=1
o\ m+1
p(1 2) (M )
—1 —1
- 1 R e\ M + . a™(1 — q)n/l=m=1
f My G ol o % % 7 Sl o
. 'n . Fig. 4. An example of a scalar quantizer and the corresponding graph.
where thefirst inequality follows from (32) via
|ID* n(@™) =D (@) < (20). Now for eachk, §, can be computed g€iently as follows:

Now (33) follows from (34) and (35). Let
Nextwe show that the algorithm can be implemented withthe ¢, = |{i 7, =(2j—1) 2 ,(k—1)I+1 <i < kl}|,

claimed complexity by reducing the quantizer design algorithm L _
. . . - . j=1..., , k=1,...,nl
to the problem ofinding online the minimum-weight path in a

weighted directed graph as discussed in Section IV. Consi¢€omputing they, ; takesO(n) time.) Then the weighty, (2, 2)

the directed graph with vertices can be computed i®( ) steps for each paitz, 2) by running
throughay 1, e . Forexample,fob < z < 2 < 1
V=0 5 {1,2,.... M} U(0,0)U (1, M + 1) Nk, L5 O, - Bk P e
and edges bz 2) = > angelli—zD+ Y anse(li = 2).
={(zd = D.(2.0) = s e

e z<45e{l,...,M+1}} Thus, computing the weights in each block requires
o _ _ o O( %) time, resulting in a total computational time of
such tha’Eat time instartthe weight of edgé(z, j — 1);(?«‘;.7)) OM n 1)+ O( 3nl)+ O(n). (Note that the use of
is 6x((2, 2)), given at the bottom of the page, for gllwhere the finely quantized versiom™ of the input sequence changed
I denotes the indicator function of the evéhtWith a slight  the total computational cost of the weights frabfn ) to
abuse of notation, let any path be described by the ordered &%~ 3n 1). Although with certain choices of the parameters
quence of its constituent vertices. Then it can be seen that {gg |atter quantity may be larger, it can be made linear for
anyzp = 0 <z < -+ <zy < zyq1 = 1, the costof a |5rge enoughl, while n always grows faster than linearly

path(z9,0), (21,1),- .., (2ar41, M + 1) attime instank isthe \yhen — o0 asn — oo, a condition necessary for asymptotic
same as the cumulative distortion in thth block of a nearest gptimality.) O

neighbor quantize with code pointy 2y, ..., zy } (see Fig. 4

for an example). Moreover, any path from= (0,0) tou = VI. ONLINE MULTIRESOLUTION AND MULTIPLE DESCRIPTION

(1, M + 1) is of the form(zg,0), (z1,1), ..., (zp41, M + 1). SCALAR QUANTIZATION

Therefore, the random choice of a quantizer according to theyn this section, we generalize the online quantization algo-
probabilities given in the algorithm of Section Ill (see (20) anglthm to network quantization problems, such as multiresolu-
(21)) is equivalent to randomly choosing a path from vertejon and multiple description quantization. Multiple description
s to vertexu as in Section IV. Thus, af/| = M+ 2, coding (e.g., [30}[32]) makes it possible to recover data at a

| |[=(M—-1) ( —1) 242 ,andT =n [, applying the degraded but still acceptable quality if some parts of the trans-
algorithm described in Section 1V, the random choice$f)  mitted data are lost. In this coding scheme, several different de-

fork = 1,...,n [l can be performed i®(M n [ )time, scriptions of the source are produced such that various levels of
provided the weights;, are known. reconstruction quality can be obtained from different subsets of
kl _ ~ .
Zqﬁ:(k—l)l+1 I{iigz}ﬂ(m - 2)), if 2=0

or((2,2)) = Efi(k_1)l+1 1{5376(27#]}/’“@ —z|)+ I{@g(#ﬁﬂﬁﬂ@ —z]), fo<z<z<1
S ey Loz (|7 — 2), if 0<zands=1
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As the next theorem shows, the general coding schemelafividesn, andh < [. Then foranyd < a < 1, n > 0, the
Section I1l applied to the base reference cl@3s® provides an normalized cumulative distortion of the above coding scheme
efficient solution to the problem of tracking the best multiple dezan be bounded for any sequencéee 0, 1]" as
scription quantizer. The general scheme must be slightly mod-
ified, however, since at the beginning of each block, the index
of the randomly chosen quantizer is now transmitted over two [ =
unreliable (erasure) channels. Therefore, we will repeat the d[é—l— Z p(|lz; — iﬂ)] — D% o, (2™)
scription of the quantizer several times to ensure that the corre-| ™ i=1 o
sponding index can be decoded with large enough probability.  hp(1 2)  p(1 2)(MiM +2M; +2M —1)log
(We use this repetition code for the sake of simplicity, and to = I +

reduce encoding/decoding complexity. Alternatively, we could | QMD|m+1 ) . nl ml . 13¢,

employ an optimal channel code as was done in [17], butinthe + —In ( — oy —+ —
theoretical analysis this would only improve the schaer- mo \am(l-a) 8 n 2
formance by a multiplicative constant term.) (45)
We will use thefirst i time instants of each block (will be .
speciied later) to transmit the quantizer index. In the remaind@he algorithm can be implemented wth M, M~ °n 1 )+
of the block, for time instant%; El+h+1,...,(k+1),the OMiM °n )+ O(n) computational complexity.
randomly chosen quantizé}'*’ is used to encode the source N .
symbolsii. While tﬂe inde:?oQ("') is transmitted, the decoder Remark: Optimizing the above bound with respect/f@nd
emits#; = 1 2. If the description of)®) can be reconstructed @ @S after Theorem 5, we obtain
at or before the time indeix= kl+h, Q(¥) is used to decode the

received channel symbols in the remainder of the block. Other- I — . . "
wise, the decoder emits 2 in the entire block. Bl Z pllzi = &il)| = D g p (2")
The distribution for the random choice @f*) is the same as =t
in Section Ill with the modication introduced in Theorem 5. <0y log logn +C log
That is, when computin@‘*), the source sequencé is finely - l
quantized using2 -level uniform quantizer ag; = g x(x;). o lm1 n 13c, mi
For anyk’ < k, let T3\ los n
- k ! dg(Z;
Zpp= Y e 12 Lo e %) (40) with suitable positive constan&;, C' , andCs. From here the
Qe P best possible rate achievable@g(m n)'/3log(n m)logn),
when! = ¢i;(n m)"/>and = ¢ (n m)/? (again,c; and

where the distortioniy is defined in (36). Furthermore, Ietc
Wiy =1,andfork =2,....,n 1

k
(8% N
Wiy = N § (1— )" Wi Zpo g +
k'=

are positive constants), which requir€§ M; M n® m)
o1 computations.
(1-a) ik On the other hand, if we sét= ¢;n”® m!/3 and =
N ’ ¢ nt/? m /15 then the computational complexity of the algo-
(41) rithmisO(M; M n) and the normalized distortion redundancy
(recall thatN = |Q}IP]). Then, according to Algorithm 2, we becomes)(m!/3\/logn n'/?)
get (42) and (43) shown at the bottom of the page. .
The performance and complexity of the above coding scheme Proof of Theorem 6: The proof follows the lines of the
is analyzed in the next theorem. proof of Theorem 5. However, the algorithm is more compli-
i cated, and in proving the performance bound we have to con-
_ Theorem 6: Assume thain, n, [, , My, M , hare positive gjger the problem that the description @f*) may not be re-
integers such thatM; —1 <, j = 1,2 ceived at the decoder.

Let ¢ denote the probability that the index ©f*) cannot be

h= min [_ (MM +2M, +2M —1)log decoded after receiving thiesth symbols of thé:th block (note
je{1, } log M; that this probability is the same for each block as the channels
( log(n_log M;) n lﬂ (aa) & memoryless, ang*) andQ(*") can be decoded indepen-
log(1 — 79 — 7;) dently fork # k’). Then the decoder emits; = 1 2 in the
0‘(1—0‘)1"7“VVL.’ZN.A»A g .
S Sk e (42)
WT%L}H’ for k’ =
and
D D ag ;)
(@9 = Qi —wy = § =R o1 43)
+. fork’ =k
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Fig. 5. A section of a multiple description scalar quantizer and the corresponding graph.

Choosingi* from C¥) corresponds to a graph with two ver-situation that the new reproduction point of the central quan-
tices,0 andl, with  edges fron0 to 1 such that edge;,j = tizerisz;+¢ , and that of théirst side quantizer is; + j

1,..., ,correspondsté* = (25 —1) (2 ), andthe weight (see Fig.5). Consequently, the corresponding weights ihttine
of e; at timek (that is, in thekth block) is block are the empirical distortions shown in (51) at the bottom
of the page.
kL If z1 > z ,thenthe corresponding cell of the central quantizer
Su(ej) = Y pllzi—(25—1) (2 ). is (21,2 ], and the corresponding cell of tifiest side quantizer
i=(k—1)l+h+1 is (z1, z1]. Now the possible set of reproduction points for the
_ _ central partitioni§z;+1  ,z1+2 ...,z }andfortheirst
Next we choose the central and side quantizers. For sigjge quantizefz +1 .z +2 ...,z }. Therefore, there
plicity, we will refer to this triplet as a multiple descriptionare (; — z)(2, — 1) possible edges, and edge v'); ;.
quantizer (and thus exclude the constahfrom the problem). ; ¢ {1,..., (z —z1)}.je{l,..., (2 —=)},corresponds

Cons[der a graph with vertices Iabeleq, mi,z ,m ), where to central and side reproduction points+ i andz; +j ,

zj € CB)Yu{0,1} andm; € {0,...,M,},j = 1,2, such that respectively, with corresponding weight given again by (51).
m; = M, ifand only if z; = 1. The vertex(z1,m1,2z ,m ) The formula can be mofied straightforwardly foe; = 0 and
corresponds to the situation that the left endpoint ofithéh 2} =1. The edges and weights are similarlyided forz; >z .

cell of thefirst side quantizer is; and the left endpoint of the If z; = z , then adding a cell to any side quantizer will deter-
m th cell of the second side quantizeris Following an edge mine the cell of only that quantizer but not any cell of the central
from a vertex will correspond to adding a cell to the side quaftantizer. In this situation, we always choose to extenditbe
tizer j whosem;th cell lies more to the left (Lez; < z3_;). Side quanltlzer, SO from = (z,m1,z,m ) ther/e are (2 —z)
Assume that, < z (note that in this case we necessarily havgdges to' = (z 2Mm 1,z,m ) for everyz > z, and the
mi1 < My). Then there is an edge from= (z1,m1,z ,m )to Weightof edggv, v);.i € {L,..., (2’ - 2)} corresponds to
each vertex’ = (z),mi + 1,7 ,m ) such that; < 2| < 1 reproduction point + ¢  and has weight

if mi < My —1,andz; = 1ifmy = My —1.1f 2] < 2z, . ki - )

then an edge corresponds to the case that the next cell of thé(v;v)i) =r1 > ez <ol —2—i ).

first side quantizer and that of the central quantizerisz/] j=(k=1)l+h+1

(except wherz; = 0, in which case it isz1,z1]). In the se- |t is not hard to see that there is a one-to-one correspon-

quel, for simplicity, we do not consider; = 0 orz; = 1; dence between paths frof,0,0,0) to (1, M;,1,M ) and

the ddinitions can be extended to this situation in a straighhu|tip|e description quantizers fro@}!P (with the constant
forward manner. The corresponding reproduction point in eagh yet unddined), such that the weight of a path is the same
quantizer can be any point 6f%) U {0, 1} which lies between as the distortion of the corresponding quantizer. Therefore,
z1 andz{. Therefore, we need (z] — z1) edges, such that finding a quantizer according to the probabilities in (42) and
edge(v,v');;, 4,5 € {1,..., (2] — z1)} corresponds to the (43) is equivalent tdinding a path from vertex0, 0,0,0) to

kl
6k(<v,v'>i,j): 3 I{zl@gz;}(mp(wt—zl—i )+ rep(fFe — 21— |>). (51)

t=(k—1)I+h+1
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Subgraph for an Ms-level

nearest neighbor quantizer
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Fig. 6. A section of a multiple description scalar quantizer and the corresponding graph.

vertex (1, My,1, M ), and the algorithm of Section IV can This result allows us to compete with best codedM® by
be used to solve this problem. Since the number of edggsplying the coding scheme of Section Ill to theite set of
in the constructed graph i©®(M;M °), and the weight codesQ}'®. There are two differences compared to the general
of each edge can be computed a0 ) time (as in The- multiple description case: i) Since there is no loss onfifst
orem 5), the required time complexity of the algorithm ishannel, it is enough to send the index of the chosen quantizer

O(M\M  °n 1 )+OMM Snl)+O(n). O Q™ only once in each block, requiring
B. Adaptive Multiresolution Scalar Quantization h— log | Q™|
IOg M1

Multiresolution quantization is a special case of multiple de-
scription quantization withy + r; = 1. However, recall that - { 1 log << > < ) < )ﬂ (53)
for multiresolution quantizers we assume that the second side™ | log M My —1) \ My MM
quantizerg( ) restricted to a cell ofi(!) is a nearest neighbor _ _ _
quantizer. Although this assumption is not compatible with odifne instants (recall that the second side quantizer restricted to
earlier assumption on the cell structure of multiple descriptighCell of the base quantizer is assumeollwt]g be a nearest neighbor
quantizers, it allows, through similar methods, a simpler gragiantizer). i) The simpler structure @, ™ allows a smaller
representation, and results in an algorithm with somewhat &aph rngRresentatlon. Indeed, the graph describing quantizers
duced complexity. from Q" can be cAon’structed as follows: e vertices
Similarly to the multiple description casé;st wefind afine (2,m1) for eachz € %) u {0,1} andm, € {0,..., M;}.
covering of the allowed multiresolution quantizers: I} ¢  The vertex(z,m,) corresponds to the case that the right
QMR denote the set of multiresolution scalar quantizers suRdpoint of themth cell of ¢() is = (recall that the cells of
that the cells of théirst side quantizer (which is often referreci'”) are intervals). Now vertice:, m1) and(z ,mi + 1) are
to as the base quantizer) and the cells of the second side qugHinected via the following subgraph. Thest vertex of the
tizer (the réinement quantizer) restricted to the cells of the ba§ébgraphigz1,z ,my), and there are (z — z1) edges going
quantizer are right closed intervals with endpoints fr6#f", from (z1,m1) to (21,2 , m1), each corresponding to adjﬂgrent
all the reproduction points are also froaff%), and belong to POSsible code point of the cell from the set,z | n ¢
the corresponding interval cell. with waghtl corresponding to the distortion of this cell in the
Then, similarly to Lemma 2, it can be shown that for an{fth block (if z1 = 0, then there are z + 1 edges, where
quantizer; € QMR there is a € QMR such that .he extra edge co_rrespon_ds to the code pejnt= 0, which
is a valid code point only in this case). Thén,z ,m;) and
sup (dy (z) — dg(z)) < 3¢, . (52) (z ,m1 + 1) are connected_ via a directe_d graph corresponding
z€[0,1] - to an M -level nearest neighbor quantizer from to z as
in Theorem 5, but the weights of the edges are multiplied by
(see the footnote in the proof of Lemma 2). ro (see Fig. 6). The number of edges of such a subgraph is
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O(M ); hence the total number of edges of the constructéuterval cells). For all these schemes, analyses of distortion re-
graph isO(M; M #). dundancy and computational complexity were provided.
Therefore, the complexity of the algorithm is slightly reduced The focus of this work was on implementable sequential
compared to the general multiple description case, as it requifgssy coding schemes based on ideas rooted in the theory of
only O(MiM  “*n 1)+ O(MiM °n 1) +O(n) cOMPU- sequential prediction for individual sequences. While the con-
tations. From here, similarly to Theorem 6, we obtain the foljgered combined (i.e., tracking) scalar (network) quantization
lowing result. schemes form more powerful classes than the base class of
Theorem 7: Assume thatn, n,l, , M;, M , h are positive scalar (network) quantizers, these schemes are still less general
integers such that/;M < [ dividesn, andh < [, where than one would desire in certain applications. For example,
h is defined in (53). Then for any < « < 1, > 0, the efficiently implementable schemes for the class of coders
normalized cumulative distortion of the above described codiRgth finite-state encoders and sliding-window (orite-state)
scheme can be bounded for any sequerfce 0, 1]" as decoders would by desirable [2]. Also of interest would be
the construction of linear-time scalar (network) quantization

L& schemes with the same distortion redundancy rates as that of
E [_ Z p(|lzi — ;iﬂ)] - D* ux ,, ,(2™) the more complex schemes presented here.
n m,
=1
12 1 MR |m+1
. hp(1 2) RN < _ |Q) |n/l—m—1> APPENDIX A
! nm am™(l—a) Proof of Theorem 1: The proof of Theorem 1 is done
n nl n mi n Tcp through a sequence of lemmas. First observe that, denoting by
8 n 2 E. the expectation taken with respectlfp only, the sequence
The algorithm can be implemented with Vi = Lyt, ) — Eel(ye, 1)
OM{M *n 1)+0m> B)Y+O0(MM 5nl)+O(n) = Uye, Ge) — E L(y, §)[U*Y], t=1,...,T
computational complexity. is a martingale difference with respectlte, U ,...,Ur such

Remark: Optimizing the above bound as after Theorem 5, that with probability one

obtainn —E Uy, ) |U < Vi < —E Ly, 50) U] + B.
1 o * lwn
E [ﬁ 2;”““ - xiD] = D% g (27) Thus, it sufices to bound the difference
= T
<0 log +C 4 /lﬂ log n + Tep + mi Z Eel(ys, 9t) — ntuen L(P(T,m,t,e))
l n Ilm = 2 n t=1 ’

whereC; andC' are suitable positive constants. From here th‘c’énce

best possible rate achievable((m n)'/?log(n m)), when T T

l=ci(n m)/3and =c (n m)"/?(c; andc are arbitrary Z V,=Lp— Z E+4(ys, 3¢

positive constants), which requir€§ M, M 78/3 m /3) com- =1 =1

putations. On the other hand, if we set ¢;n** m!'/ and and so by the HoeffdingAzuma inequality [42] for sums of

= ¢ n'/% m!/4, then the computational complexity of themartingale differences, with probability at ledst p
algorithm isO(M; M n), and the normalized distortion redun-

T
dancy become®(m'/*\/logn n'/%). Ly < S Ellyde) + B Tln(1 p)
- o 2
t=1
VIl. CONCLUSION and . .
We presented a general scheme for limited-delay lossy coding E [Z Etﬁ(yt,gjt)] = Z EL(ye, §t)-
of individual sequences. For afipite class of limited-delayj- t=1 t=1

nite-memory reference coders, our scheme performs asymptot- . ) !
ically as well as the bestracking’ scheme that can change its Lemma 3: The cumulative loss of Algorithm 1 safies
coder a given number of times (each time choosing from the ref- a . 1 m . InB
erence class) while encoding an input sequendmité length. > Eellye, i) < 0 nwr; + —3

In order to implement the method, we devised dicint algo- o=

rithm for online prediction that tracks the best expert even whé?{ all 4 ~ 1,...,N.

the number of experts is exponentially large, provided the ex- Pro_of. The proof fO”_OWS standard argg_ments, See, €.g.,
perts have a certain additive structure. The example of trackiﬁﬁsa_B'amh' and Lugosi [43]. From thefihition of WV, we

the minimum-weight path in an acyclic graph was worked ou ve for allz ~ o

in detail and used to constructiiefent quantization schemes. | Wiy _ P imy Wy e W)

In particular, we have constructed low-complexity schemes for" w, " ZN W, .

tracking the best scalar quantizer, as well as the best multiple zfl b
description or multiresolution quantizer (among the ones with =1In ([Ete_”/(” Y ))
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MIH

Uy, Gr) — ntlinL(P(TJn,t e B\/

IIMH

1

—

(m+1) lnN—l—mln—

(T—m—l)ln1

)

Vi

MIH

((m+ 1IN + (T = 1)(Dy(e* || @) + Hy(a*)))

—1n (e—nE Uy 9 ), e~y 3 )—E Ly 5 >>)

—nEl(ys, i) + In ([Ete—n(i(y 9 )—E €y .9 )))

. B
< —nEl(yr, §t) + WT

Note that the expectations are taken with respect to the ran

choice ofy;, that is, with respect to the randomizing Va”abl?recall thate

Uy, and the inequality holds by Hoeffdifginequality [42] for

the moment generation function of bounded random variabl

Summing the above inequality for alk= 1, ...,7", we obtain

ZE E(ye, t)

SinceW; = 1 andWrp4q > wi?, for anyi, we have

WT+1 In B

In
8

T
. Tn B
lnw?i S _n;EtE(y‘hyt)_{— 7]8
which implies the statement of the lemma. O
Lemma4: Foranyl <t <t <Tandanyi=1,...,N we

have
Wy ; > =) (g

K

o N\t=t
W, @)

whereL( t,¢'],i) = Y0_, (yr, 94).

Proof: The proof is a straightforward mditation of the
one in [21]. From the dénitions ofw;"; andw, , ; (see (2) and
(3)) it is clear that for any- > 1

W, :
W= a N+1 + (1 —a)w]; > (1 - a)e_"/(”“y*)) i
Applying this equation iteratively for = ¢, +1,...,¢ — 1,
and (2) forr = t/, we obtain
m —nt(y 13')) _ —nl(y-,5)
wt,’iZe" H(l a)e
T=t
= e BT (1 — )y,
which implies the statement of the lemma. O

Lemma5: Foranyt > 1 andl <i,j < N, we have

Wiy« m s awy;
wt—‘rl,l - N - N wt,l = N .

This completes the proof of the lemma.

Proof of Theorem 1: Let P(T,m,t,e) be an arbitrary par-
tition. Then, by Lemma 3, the cumulative loss of Algorithm 1
can be bounded as

T

Z[E Lye, §t) < ——lanem +
t=1

TnB

3 (A1)

dom
denotes the expert used in the last segment of

the partition). Nowws’, ~can be rewritten in the form of the
Gf"'éﬂowmg telescoping product

m
wti+1,€i wti+1,€i

fi(;

Wo+1,e0 ;21

m
Wt eq

m —
Wre,, = Wiy+1,e0

m
tieir Witl,e;

Therefore, applying Lemmas 4 and 5, we have

m (67 m
Wr e, > Wiy +1,e0 (N)
X H( —nL((tstialied) (1 g)terr—ti —1)
1=0
1 m
— Ne—nL(P(T,m,t,e))(l _ Q)T_m_l (%) '

Substituting this bound in (A1) proves (4) and (5), finet state-
ments of the theorem.
To prove the second part, let

Hy(p)

(1-

—p lnp _
and

Difplla) =p Z+(1 - p)ln 1=

p
= pln — .
q —q
Optimizing the value ofj in (4) gives the equation shown at
the top of the page, wherg" = . Fora = «*, the bound
becomes the equation shown at the top of the following page,

where we used the fact that(1 + z) < z forallz > —1. O

APPENDIX B

Proof of Lemma 2: In view of (32), the proof would be
simple if only nearest neighbor quantizers were allowed as side
quantizers. As this is not the case, a more involved construction
is needed. . 4

Fori=1,2,leto =) <) < ... <4§) | <) =1
denote the decision thresholds¢f, theith side quantizer of
¢ (that is, the cells 0§ are intervals with endpomré 7. and

t(z) ., M;). We will construct a sequence of two-de-
scrlptlon quantlzeraj,j =0, , such that all the thresh-
oldst of the side quantlzer§] ) that satisfyt < ;5  are of
the formt = £ for some integek, the corresponding cells
with right endpoints are right closed intervals, amgl;; andg;
differ only inthe interval; ,(5+1) |

j=1,.
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T
> El(ye, i) — min L(P(T,m,t,e))
t=1 €
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BT — m

< — — -

<=5 \/(m-i-l)lnN-l-mln +(T—-m l)ln<1+T_m_l>
B T-1

<7V —\/m—l—l InN+mln +m

N V2 ( ) m

Letqo = ¢, which clearly saties that all thresholds< 0 are
of the form0 . Assume that we have already construajed
with the desired property for somje> 0. Fromg;, we construct
¢j+1 by modifying the thresholds of the side quantizersg,oin

theinterva; ,(j+1) ].Therefore,foralk ¢ (5 ,(j+
]

dg ., (x) —dg (z) =0. (B1)

Furthermore, ify; has no threshold in the intervgl  , (j +

1) ] thenletg;11 = ¢; (so obviouslyd, = d, ). If ¢;
has exactly one threshold {5 ,(j + 1) ), then without
loss of generality we can assume that this threshbklongs to
thefirst side quantizey§1). Let giesr andg,igne e 2-description
quantizers obtained from; by replacing the thresholtiwith
j and(j+1)

cell is closed from the right), ang,1: will be the one with
smaller guaranteed worst case distortion. Ll(é)gc(l) denote

the code points of the side quantiz;é}) corresponding to the

0) (0)

cells ending and beginning &t respectively, and |e¢§ ,C

, respectively (such that the new threshol
is quantized to a smaller code point; that is, the correspondi\???2

It is easy to see that far = ¢, eitherg;(z) = qep(z) (resp.,
4;(2) = Grigne(2)), or the bound (B2) (resp., (B3)) holds. Now
let ¢;+1 = qiese if the bound (B2) is smaller than (B3), and let
gj+1 = Gright Otherwise. Then, as th@st two terms in (B2) and
(B3) are the negative of each other
dq +1(:I?) - dq (:E) < 2CP (B4)

forallz e (j ,(+1) |

If one of the side quantizers qf has at least one cell that is
containedintheintervali ,(j+1) ], thening;;q,all such
cells are merged and enlarged into the larger €ell , (5 +
1) ] with reproduction poinfj +1 2)  (consequently, the
neighboring cells may shrink). If the other side quantizer has
go threshold in(j ,(j +1) |, then no other modication
is,necessary. If it has exactly one threshold, then similarly to
(B2) and (B3), that threshold can be moved eithef to or to
(7 +1) .Finally, if the other side quantizer also has at least
two thresholds in the intervdy ,(j + 1) |, then merging
all cells in this interval as for the other side quantizer results in
a quantizer; 41 for which(; ,(j+1) ]is a cell of both

denote the corresponding code points of the central quantizgfe quantizers, and consequently, it is also a cell of the central

qj<»0). Now clearly, ifz < j
Forz € (j ,t), we have

dy o (2) = dy (@)
=ro (plle = 1) = pllw = )
+ 71 (p(lz = V) = oz — )
<ro (ot =N = p(lt = V) + 2t = § )
11 (= eVl = p(lt = ) + 26,0 -5 )
< 7o (p(lt = 1) = pllt = &)

71 (o1t = el = pllt = ) + 2¢,

orz > t, theng;(z) = qiest ().

(B2)

and similarly, forz < torz > (j + 1)
andforz € (¢,(j+1) )

’ Qj(ili) = Qright(w),

g () = dy ()
ro (ol = 1) = p(lw = )
+ 71 (p(z = ") = p(lz = 7))
<o (it =) = p(lt = <))

+ 71 (ot = eV = ol = <VD) + 2, (B

guantizer. In all cases, the bound (B4) holds for the distortion
of gjt1.

The last case to be considered is when both side quantizers
have exactly one threshold 5 ,(j +1) | Lett; <t
denote these thresholdsif= ¢ and there is no central parti-
tion cell {¢}, then, similarly to (B2) and (B3), it can be shown
that replacing the common threshold of the side quantizers with
j or(j41) resultsinamaximum increase in distortion of
3¢, . Note thatthe factaz in (B4) is replaced witl3 because
here all three quantizers (both side quantizers and the central
guantizer) changelf ¢; < ¢ , then similarly to (B4), it can be
shown thatt; can be replaced witli  or ¢ at the price of
an increase of at mo8t:;,  in the pointwise distortion (such
that the new central quantizer has no one-point{zel}). Then,
the threshold (which may be a single or a common threshold)
can be quantized int6'¥) as before on the price of further in-
creasing the pointwise distortion by at mésf, . Finally, if
t; =t and the central partition has a one-point dell}, then
similarly to the case; < ¢ , first we can replace this cell by the
empty cellorby(; ,t ], and then proceed as in the previous
case. Based onthe above, we have, faral (5 ,(j+1) |

dy o\ (%) = (B5)

2When proving the analogous covering result (52) for the multiresolution
case, the factor remairnssince there are only two quantizers to be considered,

andt; = ¢, is the only possible subcase. In that case, this results in the slightly
better3c, /K final upper bound instead 6f,/ K.

dq (z) < 5¢,
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From equations (B1), (B4), and (B5) we can see that for all [18] F. M. J. Willems,“Coding for a binary independent piecewise-identi-

z € 0,1]

dQK(x)'_

Now let ¢ € OMP be a quantizer obtained frogy by re-

dq(z) < 5cp

placing its code points by the corresponding closest points in
the setC'(¥) that also belong to the corresponding quantization

cells. Then
dy (@) — dy(a) < 22 4 2 = 5%
forallz € 0,1], as desired. O
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