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where the supremum is over all individual sequences of length
with components in (recall that the expectation is taken

over the randomizing sequence).
We could immediately apply the coding scheme of Section III

if the set werefinite. Since this is not the case, we approximate
with , the set of all -level nearest neighbor quantizers

whose code points all belong to thefinite grid

(31)

By the Lipschitz condition on , for any there is a
such that

(32)

In particular, for the squared error distortion the difference is at
most .

The next theorem shows that a slightly modified version of
the coding scheme of Section III applied to the base reference
class (which has delay and decoder memory )
can perform as well as the best coding scheme that uses scalar
quantization and is allowed to change its quantizertimes for

source samples. Moreover, the proposed scheme can be im-
plemented efficiently.

Theorem 5: Assume that are positive integers
such that , , and
divides , and let . Then there is a coding
scheme with zero delay and rate whose normalized
cumulative distortion can be bounded for any sequence

as

(33)

Moreover, the algorithm can be implemented with

computational complexity.

Remark: Assuming , let .
Then, choosing optimally (based on (6)), similarly to (23) we
obtain that the distortion redundancy can be bounded as

where and are appropriate positive constants. From here
the best possible rate achievable is ,

when and (where and
are arbitrary positive constants), which requires

computations.
In a practical implementation it is desirable that the computa-

tional complexity per unit time remains a constant as the length
of the input sequence increases. In our case, such an imple-
mentation is possible if the total computational complexity is
linear in . This may be achieved by setting and

. Then the computational complexity of the al-
gorithm is . However, with this choice, the normalized
distortion redundancy deteriorates to (here
we require in order to ensure that the dis-
tortion redundancy converges to zero).

Proof of Theorem 5: Let be a
-level uniform quantizer in (that is, a nearest neighbor

quantizer with codebook ), and let be the
uniformly quantized version of . The algorithm of Section III
is modified so that when choosing the quantizer from ,
the cumulative distortions in (19) are computed with respect to
the sequence instead of . This“pre-quantization” step
is necessary to reduce the computational complexity of the al-
gorithm and only results in a slight increase of the distortion if

is judiciously chosen. The latter claim can be seen as fol-
lows: Without loss of generality, we can assume that in each
quantizer (including ) each decision threshold is quantized
to the smaller nearest code point (that is, the quantization cells
are right-closed intervals). Then for any quan-
tizer and , where . Therefore,
assuming the same realization of is used, the output se-
quence is the same in the following two situations: 1) the
original algorithm of Section III is applied to the input ; 2)
the modified version of the algorithm above is applied to the
input . Moreover

implying

Thus, the difference of the normalized cumulative distortion of
the two algorithms can be bounded as

(34)

Similarly, the difference of the minimum distortions achievable
by changing quantizers times can be bounded as

(35)

This implies that the normalized expected distortion redundancy
of our modified algorithm is no more than the redundancy of
the original algorithm applied to plus . The latter
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redundancy can easily be bounded by Theorem 3 with
and as

where thefirst inequality follows from (32) via

Now (33) follows from (34) and (35).
Next we show that the algorithm can be implemented with the

claimed complexity by reducing the quantizer design algorithm
to the problem offinding online the minimum-weight path in a
weighted directed graph as discussed in Section IV. Consider
the directed graph with vertices

and edges

such that at time instantthe weight of edge
is , given at the bottom of the page, for all, where

denotes the indicator function of the event. With a slight
abuse of notation, let any path be described by the ordered se-
quence of its constituent vertices. Then it can be seen that for
any , the cost of a
path at time instant is the
same as the cumulative distortion in theth block of a nearest
neighbor quantizer with code points (see Fig. 4
for an example). Moreover, any path from to

is of the form .
Therefore, the random choice of a quantizer according to the
probabilities given in the algorithm of Section III (see (20) and
(21)) is equivalent to randomly choosing a path from vertex

to vertex as in Section IV. Thus, as
and , applying the

algorithm described in Section IV, the random choice of
for can be performed in time,
provided the weights are known.

Fig. 4. An example of a scalar quantizer and the corresponding graph.

Now for each can be computed efficiently as follows:
Let

(Computing the takes time.) Then the weight
can be computed in steps for each pair by running
through . For example, for

Thus, computing the weights in each block requires
time, resulting in a total computational time of

. (Note that the use of
thefinely quantized version of the input sequence changed
the total computational cost of the weights from to

. Although with certain choices of the parameters
the latter quantity may be larger, it can be made linear infor
large enough, while always grows faster than linearly
when as , a condition necessary for asymptotic
optimality.)

VI. ONLINE MULTIRESOLUTION AND MULTIPLE DESCRIPTION

SCALAR QUANTIZATION

In this section, we generalize the online quantization algo-
rithm to network quantization problems, such as multiresolu-
tion and multiple description quantization. Multiple description
coding (e.g., [30]–[32]) makes it possible to recover data at a
degraded but still acceptable quality if some parts of the trans-
mitted data are lost. In this coding scheme, several different de-
scriptions of the source are produced such that various levels of
reconstruction quality can be obtained from different subsets of

if

if

if and
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As the next theorem shows, the general coding scheme of
Section III applied to the base reference class provides an
efficient solution to the problem of tracking the best multiple de-
scription quantizer. The general scheme must be slightly mod-
ified, however, since at the beginning of each block, the index
of the randomly chosen quantizer is now transmitted over two
unreliable (erasure) channels. Therefore, we will repeat the de-
scription of the quantizer several times to ensure that the corre-
sponding index can be decoded with large enough probability.
(We use this repetition code for the sake of simplicity, and to
reduce encoding/decoding complexity. Alternatively, we could
employ an optimal channel code as was done in [17], but in the
theoretical analysis this would only improve the scheme’s per-
formance by a multiplicative constant term.)

We will use thefirst time instants of each block (will be
specified later) to transmit the quantizer index. In the remainder
of the block, for time instants , the
randomly chosen quantizer is used to encode the source
symbols . While the index of is transmitted, the decoder
emits . If the description of can be reconstructed
at or before the time index is used to decode the
received channel symbols in the remainder of the block. Other-
wise, the decoder emits in the entire block.

The distribution for the random choice of is the same as
in Section III with the modification introduced in Theorem 5.
That is, when computing , the source sequence is finely
quantized using a -level uniform quantizer as .
For any , let

(40)

where the distortion is defined in (36). Furthermore, let
, and for

(41)
(recall that ). Then, according to Algorithm 2, we
get (42) and (43) shown at the bottom of the page.

The performance and complexity of the above coding scheme
is analyzed in the next theorem.

Theorem 6: Assume that are positive
integers such that

(44)

divides , and . Then for any the
normalized cumulative distortion of the above coding scheme
can be bounded for any sequence as

(45)

The algorithm can be implemented with
computational complexity.

Remark: Optimizing the above bound with respect toand
as after Theorem 5, we obtain

with suitable positive constants and . From here the
best possible rate achievable is ,
when and (again, and

are positive constants), which requires
computations.

On the other hand, if we set and
, then the computational complexity of the algo-

rithm is and the normalized distortion redundancy
becomes .

Proof of Theorem 6: The proof follows the lines of the
proof of Theorem 5. However, the algorithm is more compli-
cated, and in proving the performance bound we have to con-
sider the problem that the description of may not be re-
ceived at the decoder.

Let denote the probability that the index of cannot be
decoded after receiving thefirst symbols of the th block (note
that this probability is the same for each block as the channels
are memoryless, and and can be decoded indepen-
dently for ). Then the decoder emits in the

for

for
(42)

and

for

for
(43)
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Fig. 5. A section of a multiple description scalar quantizer and the corresponding graph.

Choosing from corresponds to a graph with two ver-
tices, and , with edges from to such that edge

, corresponds to , and the weight
of at time (that is, in the th block) is

Next we choose the central and side quantizers. For sim-
plicity, we will refer to this triplet as a multiple description
quantizer (and thus exclude the constantfrom the problem).
Consider a graph with vertices labeled , where

and , such that
if and only if . The vertex

corresponds to the situation that the left endpoint of theth
cell of thefirst side quantizer is and the left endpoint of the

th cell of the second side quantizer is. Following an edge
from a vertex will correspond to adding a cell to the side quan-
tizer whose th cell lies more to the left (i.e., ).
Assume that (note that in this case we necessarily have

). Then there is an edge from to
each vertex such that
if , and if . If ,
then an edge corresponds to the case that the next cell of the
first side quantizer and that of the central quantizer is
(except when , in which case it is ). In the se-
quel, for simplicity, we do not consider or ;
the definitions can be extended to this situation in a straight-
forward manner. The corresponding reproduction point in each
quantizer can be any point of which lies between

and . Therefore, we need edges, such that
edge corresponds to the

situation that the new reproduction point of the central quan-
tizer is , and that of thefirst side quantizer is
(see Fig. 5). Consequently, the corresponding weights in theth
block are the empirical distortions shown in (51) at the bottom
of the page.

If , then the corresponding cell of the central quantizer
is , and the corresponding cell of thefirst side quantizer
is . Now the possible set of reproduction points for the
central partition is and for thefirst
side quantizer . Therefore, there
are possible edges, and edge

, corresponds
to central and side reproduction points and ,
respectively, with corresponding weight given again by (51).
The formula can be modified straightforwardly for and

. The edges and weights are similarly defined for
If , then adding a cell to any side quantizer will deter-

mine the cell of only that quantizer but not any cell of the central
quantizer. In this situation, we always choose to extend thefirst
side quantizer, so from there are
edges to for every , and the
weight of edge corresponds to
reproduction point and has weight

It is not hard to see that there is a one-to-one correspon-
dence between paths from to and
multiple description quantizers from (with the constant

yet undefined), such that the weight of a path is the same
as the distortion of the corresponding quantizer. Therefore,
finding a quantizer according to the probabilities in (42) and
(43) is equivalent tofinding a path from vertex to

(51)
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Fig. 6. A section of a multiple description scalar quantizer and the corresponding graph.

vertex , and the algorithm of Section IV can
be used to solve this problem. Since the number of edges
in the constructed graph is , and the weight
of each edge can be computed in time (as in The-
orem 5), the required time complexity of the algorithm is

.

B. Adaptive Multiresolution Scalar Quantization

Multiresolution quantization is a special case of multiple de-
scription quantization with . However, recall that
for multiresolution quantizers we assume that the second side
quantizer restricted to a cell of is a nearest neighbor
quantizer. Although this assumption is not compatible with our
earlier assumption on the cell structure of multiple description
quantizers, it allows, through similar methods, a simpler graph
representation, and results in an algorithm with somewhat re-
duced complexity.

Similarly to the multiple description case,first wefind afine
covering of the allowed multiresolution quantizers: Let

denote the set of multiresolution scalar quantizers such
that the cells of thefirst side quantizer (which is often referred
to as the base quantizer) and the cells of the second side quan-
tizer (the refinement quantizer) restricted to the cells of the base
quantizer are right closed intervals with endpoints from ,
all the reproduction points are also from , and belong to
the corresponding interval cell.

Then, similarly to Lemma 2, it can be shown that for any
quantizer there is a such that

(52)

(see the footnote in the proof of Lemma 2).

This result allows us to compete with best code in by
applying the coding scheme of Section III to thefinite set of
codes . There are two differences compared to the general
multiple description case: i) Since there is no loss on thefirst
channel, it is enough to send the index of the chosen quantizer

only once in each block, requiring

(53)

time instants (recall that the second side quantizer restricted to
a cell of the base quantizer is assumed to be a nearest neighbor
quantizer). ii) The simpler structure of allows a smaller
graph representation. Indeed, the graph describing quantizers
from can be constructed as follows: Define vertices

for each and .
The vertex corresponds to the case that the right
endpoint of the th cell of is (recall that the cells of

are intervals). Now vertices and are
connected via the following subgraph. Thefirst vertex of the
subgraph is , and there are edges going
from to , each corresponding to a different
possible code point of the cell from the set
with weight corresponding to the distortion of this cell in the

th block (if , then there are edges, where
the extra edge corresponds to the code point , which
is a valid code point only in this case). Then and

are connected via a directed graph corresponding
to an -level nearest neighbor quantizer from to as
in Theorem 5, but the weights of the edges are multiplied by

(see Fig. 6). The number of edges of such a subgraph is
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; hence the total number of edges of the constructed
graph is .

Therefore, the complexity of the algorithm is slightly reduced
compared to the general multiple description case, as it requires
only compu-
tations. From here, similarly to Theorem 6, we obtain the fol-
lowing result.

Theorem 7: Assume that are positive
integers such that , divides , and , where

is defined in (53). Then for any , , the
normalized cumulative distortion of the above described coding
scheme can be bounded for any sequence as

The algorithm can be implemented with

computational complexity.

Remark: Optimizing the above bound as after Theorem 5, we
obtain

where and are suitable positive constants. From here the
best possible rate achievable is , when

and ( and are arbitrary
positive constants), which requires com-
putations. On the other hand, if we set and

, then the computational complexity of the
algorithm is , and the normalized distortion redun-
dancy becomes .

VII. CONCLUSION

We presented a general scheme for limited-delay lossy coding
of individual sequences. For anyfinite class of limited-delay,fi-
nite-memory reference coders, our scheme performs asymptot-
ically as well as the best“tracking” scheme that can change its
coder a given number of times (each time choosing from the ref-
erence class) while encoding an input sequence offinite length.
In order to implement the method, we devised an efficient algo-
rithm for online prediction that tracks the best expert even when
the number of experts is exponentially large, provided the ex-
perts have a certain additive structure. The example of tracking
the minimum-weight path in an acyclic graph was worked out
in detail and used to construct efficient quantization schemes.
In particular, we have constructed low-complexity schemes for
tracking the best scalar quantizer, as well as the best multiple
description or multiresolution quantizer (among the ones with

interval cells). For all these schemes, analyses of distortion re-
dundancy and computational complexity were provided.

The focus of this work was on implementable sequential
lossy coding schemes based on ideas rooted in the theory of
sequential prediction for individual sequences. While the con-
sidered combined (i.e., tracking) scalar (network) quantization
schemes form more powerful classes than the base class of
scalar (network) quantizers, these schemes are still less general
than one would desire in certain applications. For example,
efficiently implementable schemes for the class of coders
with finite-state encoders and sliding-window (orfinite-state)
decoders would by desirable [2]. Also of interest would be
the construction of linear-time scalar (network) quantization
schemes with the same distortion redundancy rates as that of
the more complex schemes presented here.

APPENDIX A

Proof of Theorem 1: The proof of Theorem 1 is done
through a sequence of lemmas. First observe that, denoting by

the expectation taken with respect toonly, the sequence

is a martingale difference with respect to such
that with probability one

Thus, it suffices to bound the difference

since

and so by the Hoeffding–Azuma inequality [42] for sums of
martingale differences, with probability at least

and

Lemma 3: The cumulative loss of Algorithm 1 satisfies

for all .
Proof: The proof follows standard arguments, see, e.g.,

Cesa-Bianchi and Lugosi [43]. From the definition of we
have for all
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Note that the expectations are taken with respect to the random
choice of , that is, with respect to the randomizing variable

, and the inequality holds by Hoeffding’s inequality [42] for
the moment generation function of bounded random variables.
Summing the above inequality for all , we obtain

Since and for any , we have

which implies the statement of the lemma.

Lemma 4: For any and any we
have

where .
Proof: The proof is a straightforward modification of the

one in [21]. From the definitions of and (see (2) and
(3)) it is clear that for any

Applying this equation iteratively for ,
and (2) for , we obtain

which implies the statement of the lemma.

Lemma 5: For any and , we have

Proof: By the definition of we have

This completes the proof of the lemma.

Proof of Theorem 1: Let be an arbitrary par-
tition. Then, by Lemma 3, the cumulative loss of Algorithm 1
can be bounded as

(A1)

(recall that denotes the expert used in the last segment of
the partition). Now can be rewritten in the form of the
following telescoping product:

Therefore, applying Lemmas 4 and 5, we have

Substituting this bound in (A1) proves (4) and (5), thefirst state-
ments of the theorem.

To prove the second part, let

and

Optimizing the value of in (4) gives the equation shown at
the top of the page, where . For , the bound
becomes the equation shown at the top of the following page,
where we used the fact that for all .

APPENDIX B

Proof of Lemma 2: In view of (32), the proof would be
simple if only nearest neighbor quantizers were allowed as side
quantizers. As this is not the case, a more involved construction
is needed.

For , let
denote the decision thresholds of , the th side quantizer of

(that is, the cells of are intervals with endpoints and

). We will construct a sequence of two-de-
scription quantizers , such that all the thresh-
olds of the side quantizers that satisfy are of
the form for some integer , the corresponding cells
with right endpoints are right closed intervals, and and
differ only in the interval .
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Let , which clearly satisfies that all thresholds are
of the form . Assume that we have already constructed
with the desired property for some . From , we construct

by modifying the thresholds of the side quantizers ofin
the interval . Therefore, for all

(B1)

Furthermore, if has no threshold in the interval
, then let (so obviously ). If

has exactly one threshold in , then without
loss of generality we can assume that this thresholdbelongs to
thefirst side quantizer . Let and be -description
quantizers obtained from by replacing the thresholdwith

and , respectively (such that the new threshold
is quantized to a smaller code point; that is, the corresponding
cell is closed from the right), and will be the one with
smaller guaranteed worst case distortion. Let denote
the code points of the side quantizer corresponding to the

cells ending and beginning at, respectively, and let
denote the corresponding code points of the central quantizer

. Now clearly, if or , then .
For , we have

(B2)

and similarly, for or ,
and for

(B3)

It is easy to see that for , either (resp.,
), or the bound (B2) (resp., (B3)) holds. Now

let if the bound (B2) is smaller than (B3), and let
otherwise. Then, as thefirst two terms in (B2) and

(B3) are the negative of each other

(B4)

for all .
If one of the side quantizers of has at least one cell that is

contained in the interval , then in , all such
cells are merged and enlarged into the larger cell

with reproduction point (consequently, the
neighboring cells may shrink). If the other side quantizer has
no threshold in , then no other modification
is necessary. If it has exactly one threshold, then similarly to
(B2) and (B3), that threshold can be moved either to or to

. Finally, if the other side quantizer also has at least
two thresholds in the interval , then merging
all cells in this interval as for the other side quantizer results in
a quantizer for which is a cell of both
side quantizers, and consequently, it is also a cell of the central
quantizer. In all cases, the bound (B4) holds for the distortion
of .

The last case to be considered is when both side quantizers
have exactly one threshold in . Let
denote these thresholds. If and there is no central parti-
tion cell , then, similarly to (B2) and (B3), it can be shown
that replacing the common threshold of the side quantizers with

or results in a maximum increase in distortion of
. Note that the factor in (B4) is replaced with because

here all three quantizers (both side quantizers and the central
quantizer) change.2 If , then similarly to (B4), it can be
shown that can be replaced with or at the price of
an increase of at most in the pointwise distortion (such
that the new central quantizer has no one-point cell). Then,
the threshold (which may be a single or a common threshold)
can be quantized into as before on the price of further in-
creasing the pointwise distortion by at most . Finally, if

and the central partition has a one-point cell , then
similarly to the case , first we can replace this cell by the
empty cell or by , and then proceed as in the previous
case. Based on the above, we have, for all

(B5)

2When proving the analogous covering result (52) for the multiresolution
case, the factor remains2 since there are only two quantizers to be considered,
andt = t is the only possible subcase. In that case, this results in the slightly
better3c =K final upper bound instead of6c =K .
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From equations (B1), (B4), and (B5) we can see that for all

Now let be a quantizer obtained from by re-
placing its code points by the corresponding closest points in
the set that also belong to the corresponding quantization
cells. Then

for all , as desired.
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